Mathematica 11.3 Integration Test Results

Test results for the 294 problems in "4.7.2 trig"m (a trig+b trig)*n.m"

Problem 6: Result more than twice size of optimal antiderivative.

JCsc[x]2 (aCos[x] +bSin[x]) dx

Optimal (type 3, 12leaves, 5steps):
-bArcTanh[Cos[x]] -aCsc[X]

Result (type 3, 25leaves):

-~aCsc[x] -b Log[Cos[iH +b Log[Sin[iH
2 2

Problem 8: Result unnecessarily involves imaginary or complex numbers.

Sin[x]3
J dx
aCos[x] +bSin[x]

Optimal (type 3, 91 leaves, 5steps):

a’bx b x a’loglaCos[x] +bSin[x]] bCos[x]Sin[x] aSin[x]?
+ _ _ _

(a2 +b2)* 2 (a’+b?) (a2 +b2)° 2 (a%+b?) 2 (a%+b?)

Result (type 3, 94 leaves):
;(—4ja3x+6a2bx+2b3x+41'1aaArcTan[Tan[x]} +
4 (a2+b2)2

a (a®+b?) Cos[2x] -2a’ Log[ (aCos[x] +bSin[x])?] -a?bsSin[2x] —b3Sin[2x])

Problem 10: Result unnecessarily involves imaginary or complex numbers.

Sin[x]
J dx
aCos[x] +bSin[x]

Optimal (type 3, 35leaves, 2 steps):
b x alogl[aCos[x] +bSin[x]]

a2z +b? aZ + b?

Result (type 3, 47 leaves):
1

. . . 2
e N (2 (-ia+b) x+2iaArcTan[Tan[x]] -alog|(aCos[x] +bSin[x]) ])
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Problem 16: Result unnecessarily involves imaginary or complex numbers.

Sin[x]?
J dx
(aCos[x] +bSin[x])?

Optimal (type 3, 64 leaves, 4 steps):

(a - b?) x a 2ablog[aCos[x] +bSin[x]]
_ N _

(a2+b2)2 (az+b2) <b+aCot[x]) <a2+b2)2

Result (type 3, 121 leaves):
(—aCos[x] ((a+jb)2x+abLog[<aCos[x] +bSin[x])2]) +
(a3’+ab2 (1-2ix)-a’bx+b>x-ab? Log[(aCos[x] +bSin[x})2}) Sin[x] +
2

2iabArcTan[Tan([x]] (aCos[x] +bSin[x}))/((a +b2)2 (aCos[x] +bSin[x}))

Problem 21: Result more than twice size of optimal antiderivative.

J Csc[x]3 4
X
(aCos[x] +bsSin[x] )2

Optimal (type 3, 118leaves, 11 steps):

ArcTanh[Cos[x]] 2b2ArcTanh[Cos[x]] (a%+b?) ArcTanh[Cos[x]]

- +

282 a4 a4
3b“/a2+b2 Ar‘cTanh[bc"S x]-aSin[x
\/ a%+b? 2bCsc[x] Cot[x] Csc[x] a?+b?
+ - +
at a3 2 a2 a® (aCos[x] +bSin[x])

Result (type 3, 270leaves):
1

8a* (b+acCot[x])

—48bWAr‘cTanh[w] (b+acCot[x]) +8a®Csc[x] +8ab?Csc[x] -

12 aZbLog[Cos[EH -24b3 Log{Cos[gH - 12 a® Cot [X] Log[Cos[fH -

24 a b% Cot [x] Log[Cos[EH +12 aZbLog[Sin[EH +24b3 Log[Sin[zH +

12 a° Cot [x] Log[Sin[gH +24 ab?Cot[x] Log[Sin[iH +a2b5ec[§]2+a3cOt[x1 Sec[g}zf

aCsc[g}z (-4abCos[x] +a’Cot[x] +b (a-4bSin[x])) +8ab2Tan[§} +8a%bCot[x] Tan[z]
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Problem 22: Result unnecessarily involves imaginary or complex numbers.

Sin[x]3
J dx
(aCos[x] +bsin[x]) 3

Optimal (type 3, 98 leaves, 5steps):

_b<332_b2)x+ a .
(a2+b2)3 2 (a%+b?) (bJraCot[x])2
2ab a (a®-3b?) Log[aCos[x] +bSin[x]]
(a2+b2)2 (b+acCot[x]) ' (a2+b2>3

Result (type 3, 114 leaves):
b (-3a?+b?) x a(a?-3b?) LoglaCos[x] +bSin[x]]

+ +
(a2+b2)3 (az+b2)3

a3 3absin[x]
+

2 (a-ib)?(a+ib)? (aCos[x] +bsin[x])? (a?+b?)* (aCos[x] +bSin[x])

Problem 24: Result more than twice size of optimal antiderivative.

Sin[x]
J dx
(aCos[x] +bsin[x]) 3

Optimal (type 3, 15leaves, 2 steps):
1

2a (b+aCot[x])?

Result (type 3, 47 leaves):
2b?sin[x]?+a (a+bsSin[2x])

2a (a?+b?) (aCos[x] +bSin[x])2

Problem 25: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(aCos[x] +bsin[x]) 3

Optimal (type 3, 73 leaves, 3 steps):
Ar‘cTanh[M*a—Si“m—]

< a?+b? b Cos[x] -aSin[x]
2 (a2 +b?)%? 2 (a?+b?) (aCos[x] +bSin[x])?

Result (type 3, 101 leaves):
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-b+aTan|%*
(a*>+b?) (-bCos[x] +aSin[x]) +2+/a*+b? ArcTanh[—u} (aCos[x] +bSin[x])2 /

(2 (a-ib)?(a+ib)? (aCos[x] +bSin[x])2)

Problem 29: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Jsin[c+dx}’“ (aCos[c+dx] +iaSin[c+dx])"dx

Optimal (type 5, 66 leaves, 1 step):

1 1
- i Hypergeometric2F1[1, n, 1+n, - — i (i+Cot[c+dx]) ]
2dn 2

Sin[c+dx]™"

(aCos[c+dx] +iaSin[c+dx])"

Result (type 6, 2971 leaves):

X in (c+dx)
@ in(c+dx)+nlog[Cos[c+dx]+iSin[c+dx]] (COS [c+dx] +1Sin[c+dx] ) Log[Cos[c+dx]+i Sin[c+dx]]

(a (Cos[c+dx] +J'LSin[c+dx]))”Sin[c+dx]’2”Tan[l (c+dx) |
2
1 1 “2n
(—Hyper‘geometr‘icZFl[l—2n,1—n,2—n,—iTan[—(c+dx)H 1+iTan[~ (c+dx) | +
2 2

(c+dx)H)/

1
i(-2+n) AppellF1[1-n, -2n,1,2-n, -iTan| -~ (c+dx)],
2

1
((—2+n) AppellF1[1-n, -2n,1,2-n, -iTan|[ = (c+dx)], iTan]
2

N |

[(j+Tan[§ (c+dx)]

iTan[= (c+dx)]|]+ [ZnAppellFl[Z—n, 1-2n,1,3-n, -1

N |

Tan[1 (c+dx>], JiTan[l (c+dx)H +AppellF1[2—n, -2n,2,3-n,

| | 0/

1 2
Sec[~ (c+dx)|" (Cos[c+dx]+iSin[c+dx])"Sin[c+dx]™"
2 (-1+n) 2

—jTan[i (c+dx”, jTan[% (c+dx)]] Tan[% (c+dx”

(d (-1+n)

(c+dx>H

(Hyper‘geometr‘icZFl [1 -2n,1-n,2-n, -1 Tan[

N |

1 -2n
(1+1‘1Tan[7(c+dx)] +
2

((—2+n>AppellF1[1—n, -2n,1,2-n, —iTan[% (c+dx)], jTan[% <c+dx)H)/

((J‘HTan[% (c+dx)]

[J’l (-2+n) AppellF1[1-n, -2n, 1, 2-n,

—JiTan[l (c+dx)], J'LTan{l (c+dx)]]+|2nAppellF1[2-n, 1-2n, 1,
2 2
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3-n, —JiTan[l (c+dx)], JiTan[1 (c+dx)]]+AppellF1[2-n, -2n, 2,
2 2

I5

1
nCos[c+dx] (Cos[c+dx] +iSin[c+dx])"Sin[c+dx] *"Tan[~ (c+dXx) |
-1+n 2

3-n, —iTan[% (c+dx)], iTan[% (c+dx)]] Tan[% (c+dx)]

1
(Hyper‘geometr‘icZFl[lZnJ 1-n,2-n, —jTan[E (c+dx>H

1 -2n
(1+1Tan[f(c+dx)] +
2

[(—2+n>Appe11F1[1—n, -2n,1,2-n, —iTan[% (c+dx)], jTan[% (c+dx)H)/

((J‘HTan[% (c+dx)]

{J’l (-2+n) AppellF1[1-n, -2n, 1, 2-n,
—JiTan{l (c+dx)], JiTan[l (c+dx)]]+ [ZnAppellFl[Z—n, 1-2n, 1,
2 2
3-n, —JiTan[l (c+dx)], JiTan[1 (c+dx)]]+AppellF1[2-n, -2n, 2,
2 2

Ik

3-n, —iTan[% (c+dx)], iTan[% (c+dx)]]] Tan[% (c+dx)]

1

-1+n

n(iCos[c+dx]-Sin[c+dx]) (Cos[c+dx] +iSin[c+dx])
-1+n

1
Sin[c+dx]’”Tan[; (c+dx)]

1
(Hyper‘geometr‘icZFl[lZn, 1-n,2-n, -iTan[ = (c+dx)]]
2
1 -2n
(1+]1Tan[f(c+dx)] +
2

[(—2+n>AppellF1[1—n, -2n,1,2-n, —JiTan[1 (c+dx)], JiTan[l (c+dx)H)/

2

N

1
((J‘HTan[; (c+dx”) []i (-2+n) AppellFi[1-n, -2n, 1, 2-n,

—JiTan[l (c+dx)], JiTan{1 (c+dx)]]+ [ZnAppellFl[Z—n, 1-2n, 1,
2 2

3-n, -iTan] <c+dx)], J'1Tan[1 (c+dx>H +AppellF1[2-n, -2n, 2,
2

N |

3-n, —iTan{% (c+dxH, iTan{% (c+dx)]]] Tan[% (c+dx)}))] +

1
(Cos[c+dx] +isin[c+dx])"Sin[c+dx] "Tan[ = (c+dX) |

-1+n 2
1 1 2
i nHypergeometric2F1[1-2n, 1-n, 2-n, —iTan[; (c+dx)]] Sec[g (c+dx)]
“12
(1+J‘1Tan[l (c+dx)] "ot <1—n)Csc[l (c+dx)] Sec[l (c+dx)]
2 2 2 2

1
[—Hyper‘geometr‘icZFl[l—2n, 1-n,2-n, —JiTan[E (c+dx)]]+
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(1+]‘1Tan[1(c+dx)] o

A _1+2n) [1+J’1Tan[l(c+dx”

2

(c+dx)], JiTan[l (c+dx)]]

[(—2+n> AppellF1[1-n, -2n, 1, 2-n, -iTan|
2

Sec[% (c+dx)]2]/ [2 (J’lJrTan[1 (c+dx)]

2

N |

2
[]1 (-2+n) AppellFi[1-n, -2n, 1,

2-n, —JiTan[l (c+dx)], JiTan{l (c+dx)]]+ [ZnAppellFl[Z—n, 1-2n, 1,
2 2

3-n, —JiTan[l (c+dx)], JiTan[l (c+dx)]]+AppellF1[2-n, -2n, 2,
2 2

]+
i (1-n)nAppellfF1[2-n,1-2n,1,3-n, ﬂiTan[l (c+dx)],
2-n 2

1
2 (2-n)

3-n, —iTan[% (c+dx)], iTan[% (c+dx)]]] Tan[% (c+dx)]

(2o

iTan[% (c+dx)]] Sec[% (c+dx”2+

i (1-n) AppellF1[2-n,

-2n, 2, 3-n, —jTan[g (c+dx”, iTan[% (c+dx)]] Sec[% <c+dx)]

1)/

((]'HTan[1 (c+dx”) [11 (-2+n) AppellF1[1-n, -2n, 1, 2-n,
2

—jTan[l (c+dx”, 1'1Tan[1 (c+dx)]] + [ZnAppellFl[Z—n, 1-2n,1,
2 2

3-n, —J'lTan[

N |

<c+dx)], jTan[% (c+dx>H +AppellF1[2-n, -2n, 2,

Tan[1 (c+dx)]

3—n,—JiTan[l(c+dx”,iTan[1(c+dx)H 5

2 2

[(—2+n)Appe11F1[1—n, -2n,1,2-n, —JiTan[1 (c+dx)], JiTan[l (c+dx)]]
2 2

1 1 1
[ (ZnAppellFl[Z—n, 1-2n,1,3-n, -iTan|[~ (c+dx”, jTan[; (c+dx)]] +
2 2

AppellF1[2-n, -2n, 2, 3-n, —jTan[l <c+dx)], J'1Tan[1 (c+dx)H
2 2

sec[l (c+dx)}2+]1 (-2+n) ( i (1-n)nAppellF1[2-n,1-2n,1,3-n,
2

2-n

ﬂiTan[% (c+dx)], jTan[% (c+dx)]] Sec[% (c+dx”2+2 (21—n)jl (1-

n AppellF1[2-n, -2n, 2, 3-n, —J’lTan[% (c+dx)], jTan[% (c+dx)”

1
3-n

2

1
Sec[~ (c+dx)| |+ i(2-n)nAppellfF1[3-n,1-2n,2,4-n,
2

—J’lTan[i (c+dx)], jTan[% (c+dx)]] Sec[% (c+dx”2+ i(2-n)

3-n

AppellF1[3-n, -2n, 3, 4-n, 71'1Tan[l (c+dx)], J'LTan[l (c+dx)]]
2 2
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Sec| (c+dx>]2+2n

i (2-n) AppellF1[3-n,1-2n,2,4-n,
2 (3-n)

—iTan[% (c+dx)], iTan[= (c+dx)]] Sec[% (c+dx)]2—

N |

2 (3-n)

i(1-2n) (2-n) AppellF1[3-n, 2-2n, 1, 4-n, —iTan[% (c+dx)],
Tan[l (c+dx)] ]/

JiTan[l(c+dx)HSec[£(c+dxH2 N

2 2

[(J’L+Tan[1 (c+dx”) []1 (-2+n) AppellF1[1-n, -2n,1,2-n, -i
2

Tan[1 (c+dx>], JiTan[l (c+dx)H + (ZnAppellFl[Z—n, 1-2n,1,3-n,
2 2

—iTan[l (c+dx)], J'LTan[1 (c+dx)]] +AppellF1[2-n, -2n, 2, 3-n,

| | )

i Tan| (c+dx)], jTan[i (c+dx)HJ Tan| <c+dx)]

1
2

N | R

Problem 37: Result more than twice size of optimal antiderivative.

JSec[c+dx]2 (aCos[c+dx] +bSin[c+dx]) dx

Optimal (type 3, 24 leaves, 5steps):
aArcTanh[Sin[c+dx]] bSec[c+dx]
d d

Result (type 3, 81 leaves):

*dx]] a Log|Cos | bSec[c+dx]
- + +

d d d

+

Problem 41: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx]) dx

Optimal (type 3, 74 leaves, 7 steps):
3aArcTanh[Sin[c+dXx]] bSec[c+dx]°

8d : 5d
3aSec[c+dx] Tan[c+dx] aSec[c+dx]3Tan[c+dXx]

+

8d 4d

+

Result (type 3, 207 leaves):
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~3atog[os[} (c+dx)]-sin[; (c+dx)]]

+

8d
3aLog[Cos[i (c+dx)] +Sin[§ (c+dx)]] bsec[c+dx]5
8d ' 5d '

3a

+ —

16d (Cos[i <c+dx)] —Sin[i (c+dx>”4 16d (Cos[i (c+dx>] —Sin[i (c+dx”)2

a 3a

16d (Cos[% (c+dx) ] +Sin[% (c+dx)”4 16d (Cos[% (c+dx) ] +Sin[% (c+dx)”2

Problem 51: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (aCos[c+dx] +bSin[c+dx])?dx

Optimal (type 3, 67 leaves, 7 steps):
a? ArcTanh[Sin[c+dx]] b?ArcTanh[Sin[c +dX]]

d 2d
2abSec[c+dx] b2Sec[c+dx] Tan[c+dX]

+

d 2d

+

Result (type 3, 181 leaves):

i 8ab+ (-4a’+2b?) Log[Cos[%(c+dx>]—Sin[%(c+dx)H+
2 1 A
4a Log[Cos[2 (c+dx)] +Sln[2 (c+dx)]] -
: 1 it b
2b Log[Cos[2<c+dx)]+Sln[2(c+dx)H+ +

(Cos[i (c+dx)] 7Sin[§ (c+dx>”2

o1 2 b?
16abSec[c+dx] Sin[ = (c+dx)]| -

2 (Cos[%(c+dx)]+sin[§(C+dx>”2

Problem 53: Result more than twice size of optimal antiderivative.

JSec[c+dx}5 (aCos[c+dx] +bSin[c+dx])?dx

Optimal (type 3, 120leaves, 9 steps):
a? ArcTanh[Sin[c+dx]] b?ArcTanh[Sin[c+dx]] 2abSec[c+dx]?

- + +
2d 8d 3d
a’Sec[c+dx] Tan[c+dx] b?Sec[c+dx] Tan[c+dx] b?Sec[c+dx]3Tan[c+dX]
- +
2d 8d 4d

Result (type 3, 851 leaves):
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abCos[c+dx]?2 (aerTan[Cerx])2

+

3d (aCos[c+dx] +bSin[c+dx}>2

((74a2+b2) Cos[Cerx]zLog[Cos[l (c+dx)] 7Sin[1
2 2

(c+dx)]] (a+bTan[c+dx])2)/

(Sd (acCos[c+dx] +bSin[c+dx])2) +

((4a2—b2) Cos[c+dx}2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])2]/

8d (aCos[c+dx] +bSin[c+dx])2) + (bZCos[c+dx]2 (a+bTan[c+dx])2)/

(
[1 Cos c+dx)]—$in[;(c+dx)})4(aCos[c+dx]+bSin[c+dx})2]+
(
|

2
48d Cos c+dx)] —Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})2] +
2

1
(abCos[c+dx]251n[—
2

(c+dx) ] (a+bTan[c+dx})2)/

1 3

Cos[% (c+dx)] —Sin[;

(c+dx” (a+bTan[c+dx})2J/

Cos[% (c+dx” —Sin[% (c+dx)]

[Bd (c+dx)]

(aCos[c+dx] +bSin[c+dx])2) +

1
(abCos[c+dx]251n[f
2

[3d

(aCos[c+dx] +bSin[c+dx})2J -
(bZCos[c+dx]2 <a+bTan[c+dx1>2)/

4
{16d (Cos[l (c+dx)] +Sin[l (c+dxH) (acCos[c+dx] +bSin[c+dx1)2] -
2 2

1
(abCos[c+dx]251n[f
2

(c+dx” (a+bTan[c+dx})2J/

Cos[l (c+dx) ] +Sin[1 (c+dx)] ’

[Bd
2 2

(aCos[c+dx] +bSin[c+dx])2) +
((—12a2+8ab+3b2) Cos[c+dx]?2 (a+bTan[c+dx})2)/

2
[48d (Cos[l (c+dx)] +Sin[l (c+dx”) (acCos[c+dx] +bSin[c+dx}>2J -
2 2

1
(abCos[c+dx]251n[f
2

(c+dx)] (a+bTan[c+dx})2J/

(3d Cos[i (c+dx)] +Sin[§ (c+dx)]

(acCos[c+dx] +bSin[c+dx})2]

Problem 55: Result more than twice size of optimal antiderivative.

JSec[c+dx}7 (aCos[c+dx] +bSin[c+dx}>2dlx

Optimal (type 3, 168 leaves, 11 steps):
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3a2ArcTanh[Sin[c+dx]] b?ArcTanh[Sin[c+dx]]
- +
8d 16d
2abSec[c+dx]® 3a?Sec[c+dx] Tan[c+dx] b?Sec[c+dx] Tan[c +dXx]
+ - +
5d 8d 16d
a?Sec[c+dx]3Tan[c+dx] b?Sec[c+dx]3Tan[c+dx] b?Sec[c+dx]°Tan[c+dx]
- +
4d 24.d 6d

Result (type 3, 1175leaves):
3abCos[c+dx]? (a+bTan[c+dx])?

+

20d (aCos[c+dx] +bSin[c+dx])?
((—6a2+b2) Cos[c+dx]2Log[Cos[l (c+dx)] —Sin[l (c+dx)]] (a+bTan[c+dx})2)/
2 2
(16d (aCos[c+dx] +bSin[c+dx})2) +

((Gaz—bz) Cos[c+dx12Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])2]/

16d (aCos[c+dx] +bSin[c+dx})2) + (b2Cos[c+dx]2 (a+bTan[c+dx])2)/

Cos | c+dx)]—Sin[§(c+dxH °

48d

[
{ (aCos[c+dx]+bSin[c+dx}>2]+
((5a2+4ab) Cos|[c+dx]2 (a+bTan[c+dx})2)/

[s

(

|

4

Cos | c+dx)]—Sin[§(c+dxH

(aCos[c+dx] +bSin[c+dx})2] +

( 30a2+12ab- SbZ)Cos[c+dx}2(a+bTan[c+dx])2>/

2
160 d

Cos| c+dx”7$in[%(c+dx)]

(acCos[c+dx] +bSin[c+dx])2) +

i 1
(abCos[c+dx]251n[—
2

(c+dx)] (a+bTan[c+dx})2]/

5
[10d Cos[1 (c+dx)] 7Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})2] +
2 2

. 1
(3abCos[c+dx]251n[—
2

(c+dx)] (a+bTan[c+dx])2)/

3
[Zed Cos[1 (c+dx)] —Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})2] +
2 2

(3abCos[c+dx}ZSin[1 (c+dx) ] (a+bTan[c+dx])2)/
2
Cos[1 (c+dx)] —Sin[1 (c+dx)]

(ZBd
2 2

(aCos[c+dx] +bSin[c+dx])2] -
(bZCos[c+dx]2 (a+bTan[c+dx}>2)/
6
[48d (Cos[1 (c+dx)] +Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})2] -
2 2

o1
(abCos[c+dx]251n[—
2

(c+dx) ] (a+bTan[c+dx})2)/
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{md (Cos[% (c+dx)] +Sin[§ (c+dx)] 5

(acCos[c+dx] +bSin[c+dx}>2J +

((75a2+4ab> Cos[c+dx]? (a+bTan[c+dx])2)/

Cos[1 (c+dx)] +Sin[1 (c+dx)] *

{SOd
2 2

(acCos[c+dx] +bSin[c+dx}>2J -

(3abCos[c+dx1ZSin[l (c+dx)] (a+bTan[c+dx])2J/
2
1 . 1 3
Cos[~ (c+dx)]|+Sin[= (c+dx) |

[20d
2 2

(acCos[c+dx] +bSin[c+dx}>2] +

((—30a2+12ab+5b2) Cos[c+dx]? (a+bTan[c+dx])2)/

2
Cos[1 (c+dx)] JrSin[1 (c+dx)]| (aCos[c+dx]+bSin[c+dx])?
2 2

[160 d

(3abCos[c+dx1ZSin[l (c+dx)] (a+bTan[c+dx])2)/
2

(ZGd

Cos[l (c+dx)] +Sin[l (c+dxH) (acCos[c+dx] +bSin[c+dx])2)
2 2

Problem 66: Result more than twice size of optimal antiderivative.

JSec[c+dx]4 (aCos[c+dx] +bSin[c+dx]>3dlx

Optimal (type 3, 103 leaves, 9 steps):
a®ArcTanh[Sin[c+dx]] 3ab?ArcTanh[Sin[c+dx]] 3a?’bSec[c+dx]

+ —

d 2d d

b3Sec[c+dx] b3>Sec[c+dx]3 3ab?Sec[c+dx] Tan[c+dx]
+ +

d 3d 2d

Result (type 3, 293 leaves):

1 1 1
—— [36a’b-10b*-6a (2a®-3b?) Log|Cos|— d ~Sin| = d 12 a°
»y a a(2a ) og[os[z(c+ x) | 1n[2(c+ x)|]+12a

Log[Cos{% (c+dx)] +Sin[% (c+dx)]] —18ab2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]+
9ab? . b3 .

(Cos[i <c+dx)] —Sin[i (c+dx”)2 (Cos[i <c+dx)] —Sin[i (c+dx>])2

2b (18a%-b’+2b*Cos[c+dx] + (18a%-5b?) Cos[2 (c+dX) |) Sec[c+dx]351n[1 (c+dx)]”-
2

9 ab? b3

+

(Cos[i (c+dx)] +Sin[% (c+dx)”2 (Cos[i (c+dx)] +Sin[§ (c+dx)])2
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Problem 67: Result more than twice size of optimal antiderivative.
JSec[c+dx}5 (aCos[c+dx] +bSin[c+dx])3dlx
Optimal (type 3, 30leaves, 2 steps):

(bJra(Iot[Cerx})ATan[c+dx]4
4bd

Result (type 3, 79leaves):
1
—Sec[c+dx]*
8d
((6a*b-2Db’) Cos[2 (c+dx)]+a (6ab+2 (a®+b’)Sin[2 (c+dx)]+ (a®-b?) Sin[4 (c+dx)]))

Problem 68: Result more than twice size of optimal antiderivative.
JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx])>dx

Optimal (type 3, 158 leaves, 12 steps):
a’ArcTanh[Sin[c+dx]] 3ab?ArcTanh[Sin[c+dx]]

- +

2d 8d
a?bSec[c+dx]® b3Sec[c+dx]3 b3Sec[c+dx]® a*Sec[c+dx] Tan[c+dx]
d ) 3d i 5 d : 2d )
3ab?Sec[c+dx] Tan[c+dx] 3ab?Sec[c+dx]3Tan[c+dx]
8d ' 4d

Result (type 3, 464 leaves):
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1
1920d

Sec[c+dx]® [968a%b+64b*+320 (3ab-b?) Cos[2 (c+dx)] -
300 2° Cos (3 (c + dx) | Log[Cos| - (c+dx) ] -Sin[ > (erdx)]]+
225 2 b7 Cos 3 [c +dx] | Log[Cos [ [cdx] ] ~sin[ - [cdx)]] -
60> Cos 5 (c+dx] | Log[Cos[ > (c-+dx) ] -sin[ > (cdx]]] +45ab? Cos[s [cdx]]
Log[Cos[i(c+dx)]—Sin[%(c+dx)]]—150a(4a2—3b2) Cos [c + dx]

Log[cos[ > (c+dx]] -sin[ (e dx]]] - Log[cos| (e rdx)] +Sin[ > (erdx)]]] +
300 2° Cos (3 (c + dx) | Log[Cos| - (+dx) ] +Sin[ > (e+dx)]] -
225 2 b7 Cos 3 [c +dx| | Log[Cos [ [cdx]] +sin[ - [cdx)]]+
602 Cos 5 (¢ + dx) | Log[Cos [ (c - dx] ] +sin]
45ab? Cos[5 (c +dx) | Log[Cos[i (evdx)] +sin[> (codx]]] +2402°sin[2 (e v dx) ] »

540abZSin[2 <c+dx)] +120a3$in[4 <c+dx)] —90abZSin[4 (c+dx”

Problem 70: Result more than twice size of optimal antiderivative.

JSec[c+dx}8 (aCos[c+dx] +bSin[c+dx])>dx

Optimal (type 3, 210leaves, 14 steps):
3a3ArcTanh[Sin[c+dx]] 3ab?ArcTanh[Sin[c+dx]] 3a’bSec[c+dx]®> b3Sec[c+dx]”

- + - +
8d 16d 5d 5d
b>Sec[c+dx]’” 3aSec[c+dx] Tan[c+dx] 3ab?Sec[c+dx] Tan[c+dXx]
+ - +
7d 8d 16d
a’Sec[c+dx]3Tan[c+dx] ab?Sec[c+dx]3Tan[c+dx] ab?Sec[c+dx]>Tan[c+dx]
- +
4d 8d 2d

Result (type 3, 637 leaves):
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1
35840d

Sec[c+dx]’ [10752a% b + 1536 b + 3584 (3a’b-b?) Cos[2 (c+dx)] -
4410 a° Cos [3 (c+dx) ] Log[Cos[1 (c+dx)] —Sin[l (c+dx)|]+
2 2
2205ab’Cos |3 (c+dx) | Log[Cos[1 (c+dx)] —Sin{1 (c+dx)]] -
2 2
1

1470 a* Cos [5 (c+d x) | Log[Cos[% (c+dx)]-sin[= (c+dx)]]+

RN

735257 Cos|5 [c +dx) | Log[cos | [crdx]] - sin[ - [codx)]] -

2103° Cos 7 (¢ + ) | Log[Cos| [ +dx)] -Sin[ > (e +dx)]] +1052b% Cos 7 (c+dx)]

Log [Cos[ > (c+dx)] -sin[ > (c+dx]]] 3675 (222 b7} Cosle s dx]

Log [cos[ > (c+dx)] -sin[ > (c+dx]]] - Log[cos| - (c~dx) ] +sin[ > (crdx)]] |+

44102 Cos 3 (¢ + dx) | Log[Cos [~ (c+dx)] +sin[ > (cvdx)]] -

2205 22 Cos 3 (¢ + 4] Log[Cos[ ~ (e dx]] +sin[ > (cdx)]] »

1470 2% Cos 5 (c - dx] | Log[Cos [ (cdx] ] sin[ [codx]]] -

7352 b7 Cos|5 [c+dx) | Log[Cos | [codx]] +sin[ - [cdx)]]
1
2

210 3% Cos |7 (c+dx) | Log[Cos| = (c+dx)] +Sin[§ (c+dx)]]-

105 a b? Cos [7 (c+dx) | Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]+
2 2
4340a°Sin |2 (c+dx)] +6790ab?Sin|2 (c+dx)| +2800a°Sin[4 (c+dx) | -

1400 a b? Sin[4 (c+dx” +4202a%sin|6 (c+dx” -210ab?Sin[6 (c+dx>]

Problem 72: Result more than twice size of optimal antiderivative.

JSec[c+dx}19 (aCos[c+dx] +bSin[c+dx})3d1x

Optimal (type 3, 259 leaves, 16 steps):

5a3ArcTanh[Sin[c+dx]] 15ab?ArcTanh[Sin[c+dx]] 3a’bSec[c+dx]’ b3Sec[c+dx]’
16d ) 128d ' 7d ) 7d '
b3Sec[c+dx]® 5a*Sec[c+dx] Tan[c+dx] 15ab?Sec[c+dx] Tan[c+dXx]
9d ’ 16d ) 128d :
5a3Sec[c+dx]3Tan[c+dx] 5ab’?Sec[c+dx]3Tan[c+dx]
24d ) 64d i

a’Sec[c+dx]°Tan[c+dx] ab?Sec[c+dx]>Tan[c+dx] 3ab?Sec[c+dx]’Tan[c+dXx]
- +

6d l6d 8d




Mathematica 11.3 Integration Test Results for 4.7.2 trig™"m (a trig+b trig)~n.nb | 15

Result (type 3, 1924 leaves):
5b(-216a2+23b%) Cos[c+dx]? (a+bTan[c+dx])>

8064 d (aCos[c+dx] +bSin[c+dx])>

(5 (8a%-3ab?) Cos[Cerx]SLog[Cos[E (c+dx)] 7Sin[l (c+dx)]] (a+bTan[c+dx])3)/
2 2

(128d (acCos[c+dx] +bSin[c+dx])3) +

(5 (8a®-3ab?) Cos[c+dx]3Log[Cos[E (c+dx)] +Sin[1 (c+dx)]] (a+bTan[c+dx])3)/
2 2

128d (aCos[c+dx] +bSin[c+dx])3) + ((27ab2+4b3) Cos[c+dx]3 (a+bTan[c+dx})3)/

8

Cos[% (c+dx)] —Sin[% (c+dx)]

(aCos[c+dx] +bSin[c+dx})3] +

Cos[% (c+dx) ] —Sin[% (c+dx)] °

(acCos[c+dx] +bSin[c+dx})3] +

Cos[% (c+dx)] —Sin[% (c+dx)] *

(acCos[c+dx] +bSin[c+dx})3] +

Cos[l (c+dx)] 7Sin[1 (c+dx)] ’

{16 128d
2 2

(acCos[c+dx] +bSin[c+de)3] +

(b3Cos[c+dx]3Sin[1 (c+dx)] (a+bTan[c+dx])3)/
2
9
(aCos[c+dx] +bSin[c+dx])3

Cos[% (c+dx” —Sin[% (c+dx)]

{144 d

(b3Cos[c+dx]3Sin[l (c+dx)] (a+bTan[c+dx])3)/
2
9
(aCos[c+dx] +bSin[c+dx])3 +

Cos[i (c+dx” +Sin[§ (c+dx)]
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2
(aCos[c+dx] +bSin[c+dx])3

(a+bTan[c+dx])3)/

+

Cos[l (c+dx” +Sin[1 <c+dx)]

[16 128d
2 2

Cos[c+dx]3 144a2bSin[l (c+dx)] —13b3Sin[l (c+dx)]

2 2

5
[1344 d

Cos[% (c+dx)] 7Sin[§ (c+dx) ]

(aCos[c+dx] +bSin[c+dx})3] +
108a2bSin[l (c+dx)] —b3’Sin[l (c+dx)]
2 2

(a+bTan[c+dx])3]/
7

(aCos[c+dx] +bSin[c+dx])>
2 2

(a+bTan[c+dx})3)/
7

(aCos[c+dx] +bSin[c+dx])>

(Cos[c+dx]3

+

[2016 d

Cos[% (c+dx)] 7Sin[§ (c+dx)]

(Cos[c+dx]3 —108a2bSin[l (c+dx)] +b3Sin[l (c+dx)]

Cos[% (c+dx)] +Sin[§ (c+dx)]

+

[2016 d

(Cos[c+dx]3

-144aZbSin[1 (c+dx)] +13b3Sin[1 (c+dx”) (a+bTan[c+dx})3]/
2 2
5

[1344d COS[% (c+dx) ] +Sin[§ (c+dx) ]

(acCos[c+dx] +bSin[c+dx})3J -

(a+bTan[c+dx}>3J/

(acCos[c+dx] +bSin[c+dx})3] -

5Cos[c+dx]> —216a2bSin[1 (c+dx)] +23b3Sin[l (c+dx) ]

2 2

3

{8064d Cos[% (c+dx)] —Sin[% (c+dx) |

5Cos[c+dx]3

—216a2bSin[1 (c+dx)] +23b3Sin[l (c+dx)]
2 2

(a+bTan[c+dx}>3)/

(acCos[c+dx] +bSin[c+dx})3] +

(a+bTan[c+dx}>3J/

(acCos[c+dx] +bSin[c+dx})3] +

Cos[1 (c+dx)] 7Sin[1 (c+dx)]

[8664 d
2 2

5Cos[c+dx]3

—216a2bSin[1 (c+dx)] +23b3Sin[l (c+dx) ]
2 2

3

[8@64d cOs[i (c+dx)] +Sin[§ (c+dx) |

5Cos[c+dx]3

—216a2bSin[1 (c+dx)] +23b3Sin[l (c+dx)]
2 2

(a+bTan[c+dx}>3)/

Cos[1 (c+dx)] +Sin[1 (c+dx)]| (aCos[c+dx] +bSin[c+dx})3]

[8664 d
2 2

Problem 77: Result unnecessarily involves imaginary or complex numbers.

JCos[c+dx12 (acCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 301 leaves, 19 steps):
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5a*x 3 , b*x 2a’bCos[c+dx]® 5a*Cos[c+dx] Sin[c+dx]
+—a“ b x+ - + +
16 8 16 3d 16d
3a2b?Cos[c+dx]Sin[c+dx] b*Cos[c+dx]Sin[c+dx]
+ +
8d 16d
5a*Cos[c+dx]3Sin[c+dx] a%?b%Cos[c+dx]3Sin[c+dx]
. _
24.d 4d
b*Cos[c+dx]3Sin[c+dx] a*Cos[c+dx]°>Sin[c+dx] a?b?Cos[c+dx]>Sin[c+dx]
. _ _
8d 6d d
b*Cos[c+dx]3Sin[c+dx]®> ab3Sin[c+dx]* 2ab3Sin[c+dx]®
+ _
6d d 3d

Result (type 3, 178 leaves):

%(12 (a-ib) (a+ib) (5a%+b?) (c+dx)—12ab(5a2+3b2)Cos[2(c+dx)]—

192
24a°bCos[4 (c+dx)] -4ab (a®-b?) Cos[6 (c+dx)]| +3 (15a*+6a’b?-b*) Sin[2 (c+dXx) ]| +
3 (3a*-6a’b’>-b*) Sin[4(c+dx)]+(a4—6a2b2+b4) Sin[G(c+dx)])

Problem 84: Result more than twice size of optimal antiderivative.
JSec[c+dx}5 (aCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 168 leaves, 12 steps):
a*ArcTanh[Sin[c+dx]] 3 a?b? ArcTanh[Sin[c+d x]]

+

d d
3b*ArcTanh[Sin[c+dx]] 4a*bSec[c+dx] 4ab3Sec[c+dx] 4ab3Sec[c+dx]3
+ - + +
8d d d 3d
3aZb?Sec[c+dx] Tan[c+dx] 3b*Sec[c+dx] Tan[c+dx] b*Sec[c+dx] Tan[c+dx]3
- +
d 8d 4d

Result (type 3, 936 leaves):

| 17
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2ab (6a*-5b?) Cos[c+dx]* (a+bTan[c+dx])4

+

3d (aCos[c+dx] +bSin[c+dx])*

((78a4+24a2b273b4> Cos[Cerx]“Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]]
2 2

(a+bTan[c+dx])4)/(8d(aCos[c+dx]+bSin[c+dx1)4)+[(8a4—24a2b2+3b4>
X 1 1 .
Cos[c +dx] Log[Cos[—(c+dx)]+Sln[; (c+dx)]] (a+bTan[c+dx]) )/
2
8d (acCos c+dx1+bSin[c+dx])4)+<b4Cos[c+dx]4(a+bTan[c+dx])4)/

2

2
48 d Cos c+dx)]—Sin[l(c+dxH

(

{1 Cos | c+dx)]—Sin[l(c+dx)})4(aCos[c+dx]+bSin[c+dx1)4]+
(

| :

(acCos[c+dx] +bSin[c+dx})4] +

(2ab3Cos[c+dx}451n[1 (c+dx)] (a+bTan[c+dx])4)/
2

Cos[l (c+dx)] —Sin[1 (c+dx)] ’

[3d
2 2

(acCos[c+dx] +bSin[c+dx])4) -

(b“Cos[c+dx]4 (a+bTan[c+dx}>4)/

1 o1 4
{16d (Cos[— (c+dx)] +Sln[; (c+dx)]

2

(acCos[c+dx] +bSin[c+dx}>4J -

1
(2ab3Cos[c+dx}4Sin[—
2

(c+dx)] (a+bTan[c+dx])4)/

Cos[1 (c+dx)] +Sin[1 (c+dx)] ’

[ad
2 2

(acCos[c+dx] +bSin[c+dx])4J +

((772a2b2+16ab3+15b4) Cos[c+dx]* <a+bTan[c+dx]>4)/
1 o1 2
{48d (Cos[— (c+dx)] +Sln[; (c+dx”
2

(acCos[c+dx] +bSin[c+dx}>4] +

(a+bTan[c+dx1>4J/

(acCos[c+dx] +bSin[c+dx})4J -

(a+bTan[c+dx}>4J/

(acCos[c+dx] +bSin[c+dx})4J

6a3bSin[1 (c+dx) | —5ab3Sin[1 (c+dx) |

(2Cos[c+dx]4
2 2

Cos[1 (c+dx)] —Sin[1 (c+dx)]

{Bd
2 2

6a3bSin[1 (c+dx)] —5ab3Sin[1 (c+dx)]

(2Cos[c+dx]4
2 2

Cos[l (c+dx)] +Sin[1 (c+dx)]

{Bd
2 2

Problem 85: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 30leaves, 2 steps):
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(b+aCot[c+dx])STan[c+dx]5
5bd

Result (type 3, 131 leaves):
((a+bTan[c+dx})4 (18ab (a®-b®) Cos[c+dx]?+ (5a*-10a*b®+b*) Cos[c+dx]>Sin[c+dx] +
b? ((5a*-b?) Sin[2 (c+dx) ]| +b (5a+bTan[c+dx]))))/
(Sd (acCos[c+dx] +bSin[c+dx})4)

Problem 86: Result more than twice size of optimal antiderivative.

JSec[c+dx17 (aCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 258 leaves, 16 steps):
a* ArcTanh[Sin[c+dx]] 3 a%2b?ArcTanh[Sin[c+dx]]

- +

2d 4d
b* ArcTanh[Sin[c+dx]] 4a*bSec[c+dx]®> 4ab3Sec[c+dx]® 4ab*>Sec[c+dx]”
16 d : 3d ) 3d ' 5 d '
a*Sec[c+dx] Tan[c+dx] 3a?’b?Sec[c+dx] Tan[c+dx] b*Sec[c+dx] Tan[c+dX]
2d ) 4d ' 16d :
3a?b%2Sec[c+dx]3Tan[c+dx] b*Sec[c+dx]3Tan[c+dx] b*Sec[c+dx]3Tan[c+dx]3
2d ) 8 d : 6d

Result (type 3, 1342 leaves):
ab (20a?-11b?) Cos[c+dx]* (a+bTan[c+dx])4

+

30d (aCos[c+dx] +bSin[c+dx])4

((—8a4+12a2 b? - b*) Cos[c +dx]*Log|Cos [

N |

(c+dx)] —Sin[i (c+dx)]]

(a+bTan[c+dx])* / (16d (acCos[c+dx] +bSin[c+dx])4> +

(c+dx)]] (a+bTan[c+dx])4]/

16d (aCos[c+dX] +bSin[c+dx}>4) + (b“Cos[Cerx}4 (a+bTan[c+dx])4)/

((8a4—12a2b2+b4) Cos[c+dx]4Log[Cos[l (c+dx)] +sin]
2

N |

6

=

48 d Cos = c+dx)]fsin[l(c+dx”
2

(acCos[c+dx] +bSin[c+dx}>4J +

N

((30a b?+8ab®-5b*) Cos[c+dx}4(a+bTan[c+dx])4)/
4
[80 Cos | 1 c+dx)]fsin[l(c+dx”
2 2
(

(aCOS[C+dX] +bSin[C+dX}>4] +

( 120 a* + 160 a° b - 180 a* b> - 88 a b® + 15 b*) Cos[c+dx}4(a+bTan[c+dx])4)/

2
(aCos[c+dx] +bSin[c+dx])4

/

480 d .

(c+dx)]

Cos 1 (c+dx)] —Sin[
2

N |

(a b® Cos[c+dx]*Sin|

N | R

(c+dx)] (a+bTan[c+dx])*
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Cos[1 (c+dx)] —Sin[l (c+dx)] i

[Sd
2 2

(aCos[c+dx] +bSin[c+dx])4) -

(b“Cos[c+dx]4 (a+bTan[c+dx}>4)/

6
Cos[1 (c+dx)] +Sin[1 (c+dx)]
2 2

(c+dx)] (a+bTan[c+dx])4)/

5

[48 d

(acCos[c+dx] +bSin[c+dx}>4J -
1
(ab3Cos[c+dx}4Sin[—
2

Cos |~ c+dx” +Sin[§ (c+dx)]

(aCos[c+dx] +bSin[c+dx])4) +

(( 30 a2 b2+8ab3+5b4> Cos[c+dx]* (a+bTan[c+dx])4)/
1 4
[8 Cos c+dx)]+Sin[—(c+dxH
2
(-

(aCos[c+dx] +bSin[c+dx})4] +

( 120 a* + 160 a> b + 180 a> b> - 88 a b> - 15 b*) Cos[c+dx]4(a+bTan[c+dx])4)/

2

480 d (aCos[c+dx}+bSin[c+dx])4 +

1 1
C — d Sin| — d
os | A (c+ x)]+ 1n[2(c+ x)]

20a3bSin[l <c+dx)] —11ab3Sin[l (c+dx)]

(Cos[c+dx]4
2 2

(a+bTan[c+dx}>4J/
1 . 1 3 . 2
[30d (Cos[; (c+dx)] 751n[£ (c+dx)}) (aCos[c+dx] +bSin[c+dx]) ]+
(a+bTan[c+dx}>4J/

30d |Cos 1 c+dx)|-sin 1 c+dx aCos[c+dx] +bSin[c+dx])?*| +
2 2

2@a3bSin[l (c+dx)] —11ab3Sin[1 (c+dx)]

(Cos[c+dx]4
2 2

—20a3bSin[l (c+dx” +11ab3Sin{l (c+dx)]

(Cos[c+dx]4
2 2

(a+bTan[c+dx])

)/

3
[30d (Cos[1 (c+dx)] +Sin[1 (c+dx)}) (acCos[c+dx] +bSin[c+dx})4] +
2 2

—20a3bSin[l(c+dx)}+11ab3Sin[l(c+dx)] 4

(Cos[c+dx]4
2 2

(a+bTan[c+dx])

/

30d |Cos 1 c+dx) | +sSin 1 c+dx aCos[c+dx] +bSin[c+dx])*
2 2

Problem 88: Result more than twice size of optimal antiderivative.

JSec[c+dx]9 (aCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 330leaves, 19 steps):
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3a*ArcTanh[Sin[c+dx]] 3a?b2ArcTanh[Sin[c+dx]]
- +
8d 8d
3b*ArcTanh[Sin[c+dx]] 4a’bSec[c+dx]> 4ab3Sec[c+dx]> 4ab3Sec[c+dx]’
+ - + +
128 d 5d 5d 7d
3a*Sec[c+dx] Tan[c+dx] 3a?b?Sec[c+dx] Tan[c+dx] 3b*Sec[c+dx] Tan[c+dXx]
- + +
8d 8d 128 d
a*Sec[c+dx]3Tan[c+dx] a?b?Sec[c+dx]3Tan[c+dx] b*Sec[c+dx]3Tan[c+dx]
- + +
4d 4d 64 d
a’?b?Sec[c+dx]®>Tan[c+dx] b*Sec[c+dx]>Tan[c+dx] b*Sec[c+dx]°>Tan[c+dx]3
- +
d l6d 8d

Result (type 3, 1732 leaves):
ab (42a%2-17b2) Cos[c+dx]* (a+bTan[c+dx])*

140d (aCos[c+dx] +bSin[c+dx])*
(3 (16 a* - 16 a* b® + b*) Cos[c+dx]4Log[Cos[l(c+dxH—Sin[l(c+dx)H
2 2
(a+bTan[c+dx])4)/(128d(aCos[c+dx]+bSin[c+dx])4)+[3 (16 a* - 16 a> b? + b*)
1 . 1 4
Cos[c+dx]*Log[Cos|[ =~ (c+dx)]|+Sin[= (c+dx)]|]| (a+bTan[c+dx]) J/
2 2
128d(aCos[c+dx}+bSin[c+dx])4)+(b4Cos[c+dx]4<a+bTan[c+dx})4)/
8

Cos[i (c+dx)] 7Sin[§ (c+dx)]

(acCos[c+dx] +bSin[c+dx])4) +

4
+

(aCos[c+dx] +bSin[c+dx])

(ab3Cos[c+dx}4Sin[1 (c+dx) ] (a+bTan[c+dx])4)/
2

1

Cos
[ 2

{14d (c+dx)] —Sin[l (c+dx)})7 (acCos[c+dx] +bSin[c+dx1)4] -
2

(b“Cos[c+dx]4 <a+bTan[c+dx}>4)/

8
{128d

Cos[% (c+dx)] +Sin[% (c+dx)]

(aCos[c+dx] +bSin[c+dx])4) -

(a b® Cos[c+dx]*Sin|

N | R

(c+dx)] (a+bTan[c+dx])4)/
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14d (Cos[% (c+dx)] +Sin[§ (c+dx)] 7

(acCos[c+dx] +bSin[c+dx}>4J +

Cos[% (c+dx)] +Sin[§ (c+dx)] °

(aCos[c+dx] +bSin[c+dx])4) +

Cos[% (c+dx)] +Sin[§ (c+dx)] *

(acCos[c+dx] +bSin[c+dx})4] +

(
((—56@a4+896a3b—256ab3+35b4> Cos[c+dx]* (a+bTan[c+dx])4)/
(
[ 2

Cos[% (c+dx)] +Sin[§ (c+dx>]
1

(aCos[c+dx] +bSin[c+dx})4] +

4 (c+dx)]—17ab3sin[l(c+dx)]

2

Cos[c+dx]*|42a*bsSin]

N

<a+bTan[c+dx1>4J/
3

(aCos[c+dx] +bSin[c+dx])4

(a+bTan[c+dx}>4J/

(acCos[c+dx] +bSin[c+dx])4) +

+

[140 d

Cos[i (c+dx>] —Sin[% (c+dx)]

42a3bSin[l (c+dx)] —17ab3Sin[l (c+dx)]

(Cos[c+dx]4
2 2

Cos[l (c+dx)] —Sin[l (c+dx)]

[140 d
2 2

Cos[c+dx]*

7a3bSin[l (c+dx)] —2ab3Sin[l (c+dx”) <a+bTan[c+dx1)4J/
2 2
5
[35d

Cos[% (c+dx)] —Sin[i (c+dx”

(aCos[c+dx] +bSin[c+dx}>4] +

(a+bTan[c+dx])4)/

5
[35d (Cos[1 (c+dx)] +Sin[1 (c+dx)}) (acCos[c+dx] +bSin[c+dx})4] +
2 2

—7a3bSin[l <c+dx)] +2ab3Sin[l (c+dx)]

(Cos[c+dx]4
2 2

—42a3bSin[l(c+dx”+17ab3Sin[l(c+dx)] 4

(Cos[c+dx]4
2 2

(a+bTan[c+dx])

/

Cos[l (c+dx>] +Sin[1 <c+dx)] 3

[140 d
2 2

(acCos[c+dx] +bSin[c+dx])4) +

—42a3bSin[1(c+dx”+17ab3Sin[1(c+dx)] 4

(a+bTan[c+dx])
2 2

(Cos[c+dx]4

/

Cos[1 (c+dx)] +Sin[l (c+dx)]

(140 d
2 2

(acCos[c+dx] +bSin[c+dx])4)

Problem 94: Result unnecessarily involves imaginary or complex numbers.

5

JCos[c+dx}3 (aCos[c+dx] +bSin[c+dx])>dx

Optimal (type 3, 426 leaves, 25 steps):
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35a°x 25 , , 15 4 5a2b3Cos[c+dx]® 5a*bCos[c+dx]?
+—a’b x+ ab*x- - +
128 64 128 3d 8d
5aZb3Cos[c+dx]® 35a°Cos[c+dx]Sin[c+dx] 25a®b?Cos[c+dx] Sin[c+dx]
+ + +
4d 128d 64 d
15ab*Cos[c+dx] Sin[c+dx] 35a°Cos[c+dx]3Sin[c+dx]
+ +
128d 192d
25a3b%2Cos[c+dx]3Sin[c+dx] 5ab*Cos[c+dx]3Sin[c+dx]
+ +
96 d 64 d
7a°Cos[c+dx]>Sin[c+dx] 5ab2Cos[c+dx]°Sin[c+dx]
+ _
48 d 24d
5ab*Cos[c+dx]°Sin[c+dx] a°Cos[c+dx]’Sin[c+dx] 5a*b?Cos[c+dx]’Sin[c+dx]
. _ _
16d 8d 4d
5ab*Cos[c+dx]°Sin[c+dx]3®> b>Sin[c+dx]® b>Sin[c+dx]8
N _
8d 6d 8d

Result (type 3, 259 leaves):
1
3072d

24b (35a*+30a’b? +3b*) Cos[2 (c+dx) | +12b (-35a*-10a?b”+b*) Cos[4 (c+dx)] +
8b (-15a*+16a*b® +b*) Cos[6 (c+dx) | -3b (5a*-10a’b® +b*) Cos[8 (c+dx) ] +
962’ (7a’+5b%) Sin[2 (c+dx) | +24a (7a*-10a’b>-5b*) Sin[4 (c+dXx) | +
32a° (a®-5b%) Sin[6 (c+dx)| +3a (a*-10a*b? +5b*) Sin[8 (c+dx)])

(120a (a-ib) (a+1ib) (7a*+3b%) (c+dx) -

Problem 98: Result more than twice size of optimal antiderivative.

JSec[c+dx} (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 170leaves, 8 steps):

+

1 b®> Log[Sin[c +d x b°> Log[Tan[c +d x
Za(3a+10a2b2 + 15bt) x - —oel>Anlcrdx]]  brroglTanic  dx]]
8 d d

(4b (5a*-b*) +5a (a®-3b?) (a?+b?) Cot[c+dx])Sin[c+dx]? 1

8d Cad
(b (5a*-10a’b®+b*) +a (a*-18a*b”>+5b*) Cot[c+dx]) Sin[c+dx]*

Result (type 3, 408 leaves):
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a(3a*+10a?b?+15b%) (c+dx) Cos[c+dx]> (aerTan[Cerx])5

8d (aCos[c+dx] +bSin[c+dx])®
(b (5a*+10a%b?-3b*) Cos[c+dx]°Cos[2 (c+dx)] (a+bTan[c+dx])5)/
(Sd (acCos[c+dx] +bSin[c+dx])5) -
(b (5a*-10a%b? +b*) Cos[c+dx]°Cos[4 (c+dx)] (a+bTan[c+dx])5)/

b®Cos[c+dx]°Log[Cos[c+dx]] (a+bTan[c+dx])®

+

(32d (aCos[c+dx] +bSin[c+dx}>5) d (aCos[c+dx] +bSin[c+dx])5

a(a*-5b*) Cos[c+dx]5Sin[2 (c+dx)] (a+bTan[c+dx])’

.
4d (aCos[c+dx] +bSin[c+dx])®

(a (a*-10a%b? + 5b*) Cos[c+dx]°Sin[4 (c+dx) ] (a+bTan[c+dx])5)/
(32d (acCos[c+dx] +bSin[c+dx}>5)

Problem 99: Result more than twice size of optimal antiderivative.
JSEC[C+dX}2 (aCos[c+dx] +bSin[c+dx])°dx

Optimal (type 3, 205 leaves, 17 steps):
5ab*ArcTanh[Sin[c+dx]] 10a?b3Cos[c+dx] 2b°Cos[c+dx] 5a*bCos[c+dx]3

- + - +
d d d 3d
10a2b3Cos[c+dx]3 b>Cos[c+dx]® b’>Sec[c+dx] a°>Sin[c+dx]
_ + . _

3d 3d d d

S5ab*Sin[c+dx] a°Sin[c+dx]3® 10a*b%?Sin[c+dx]® 5ab*Sin[c+dx]3
_ . _
d 3d 3d 3d

Result (type 3, 632 leaves):
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b5 Cos[c+dx]°> (a+bTan[c+dx])5 b (5a*+30a2b?-7b*) Cos[c+dx]® (a+bTan[c+dx])5

d(aCos[c+dx] +bSin[c+dx])® 4d (aCos[c+dx] +bSin[c+dx])®
(b (5a*-10a%b? +b*) Cos[c+dx]°Cos[3 (c+dx)] (a+bTan[c+dx])5>/
(12d (acCos[c+dx] +bSin[c+dx})5) -

(Sab“Cos[Cerx}SLog[Cos[1 (c+dx)] —Sin[l (c+dx)H <a+bTan[c+dx}>5)/
2 2

(d (aCos[c+dx] +bSin[c+dx1)5) +
(Sab“Cos[Cerx}SLog[Cos[1 (c+dx)] +Sin[1 (c+dx)]] (a+bTan[c+dx}>5]/
2 2

(d (aCos[c+dx]+bSin[c+dxj)5)+(b5Cos[c+dx]SSin[1(c+dx)] <a+bTan[c+dx}>5)/
2
(d
(bSCos[Cerx]SSin[1 (c+dx)] (a+bTan[c+dx])®
2
1 1
[d Cos[= (c+dx)|+Sin[= (c+dx)]
2 2
(a (3a*+10a?b?-25b*) Cos[c+dx]°Sin[c+dX] (a+bTan[c+dx])5)/

(4d (acCos[c+dx] +bSin[c+dx])5) +

(a (a*-10a%b? + 5b*) Cos[c+dx]°Sin[3 (c+dx) ] (a+bTan[c+dx])5)/
(12d (acCos[c+dx] +bSin[c+dx})5)

Cos[% (c+dx)] —Sin[% (c+dx)]

(acCos[c+dx] +bSin[c+dx}>5] -

/

(acCos[c+dx] +bSin[c+dx}>5] +

Problem 100: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (acCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 169 leaves, 7 steps):

1 2b3 (5a2-b2) Log[Sin[c+dx 2b3 (5a2-b2) Log[Tan[c +dx
—a (a*+10a*b*-15b%) x - ( ) Bl [ H+ ( ) Bl [ ”+

2 d d

id(b (5a*-10a*b*+b*) +a (a*-10a*b*+5b%) Cot[c+dx]) Sin[c+dx]*+
2

S5ab*Tan[c+dx] b>Tan[c+dx]?

+

d 2d

Result (type 3, 382leaves):
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b5 Cos[c+dx]3 (a+bTan[c+dx])5

+

2d (aCos[c+dx] +bSin[c+dx])®

a(a*+10a?b?-15b%) (c+dx) Cos[c+dx]® (a+bTan[c+dx])5

2d (aCos[c+dx] +bSin[c+dx])®
(b (5a*-10a%b? +b*) Cos[c+dx]°Cos[2 (c+dx)] (a+bTan[c+dx])5)/
(4d (acCos[c+dx] +bSin[c+dx])5) -

2 (5a*b®-b°) Cos[c+dx]®Log[Cos[c+dx]] (aerTan[Cerx])5

+

d(aCos[c+dx] +bSin[c+dx])®

5ab*Cos[c+dx]*Sin[c+dx] (a+bTan[c+dx])’

N
d(aCos[c+dx] +bSin[c+dx])®

(a (a*-10a%b? +5b*) Cos[c+dx]°Sin[2 (c+dx) ] (a+bTan[c+dx])5)/
(4d (acCos[c+dx] +bSin[c+dx])5)

Problem 101: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 204 leaves, 17 steps):
10 a3 b% ArcTanh[Sin[c+dx]] 15ab*ArcTanh[Sin[c+dx]] 5a*bcCos[c+dx]

- - +

d 2d d
10a%b3Cos[c+dx] b>Cos[c+dx] 10a?b3Sec[c+dx] 2b°Sec[c+dx] b°Sec[c+dx]3
d . d : d ) d : 3d
a°Sin[c+dx] 1@a3b?Sin[c+dx] 15ab*Sin[c+dx] 5ab*Sin[c+dx] Tan[c+dx]?
d : d : 2d : 2d

Result (type 3, 892 leaves):
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b* (-60a%+11b?) Cos[c+dx]® (a+bTan[c+dx])5

6d (aCos[c+dx] +bSin[c+dx])®

b (5a*-10a2b?+b*) Cos[c+dx]® (a+bTan[c+dx})5

d(aCos[c+dx] +bSin[c+dx])®

(5 (4a*b?-3ab?) Cos[c+dx]5Log[Cos[1 (c+dx)] 7Sin[l (c+dx)]] (a+bTan[c+dx])5]/
2 2

(Zd (acCos[c+dx] +bSin[c+dx])5) +

(5 (4a°b*-3ab*) Cos[c+dx]5Log[Cos[1 (c+dx)] +Sin[l (c+dx)]] (a+bTan[c+dx])5]/
2 2

(Zd (aCos[c+dx] +bSin[c+dx])5) + ((15ab4+b5) Cos[c+dx]> (a+bTan[c+dx])5)/

2
[12d (Cos[1 (c+dx)] —Sin[1 (c+dx”) (acCos[c+dx] +bSin[c+dx})5] +
2 2

(bSCos[c+dx]55in[1 (c+dx) ] (a+bTan[c+dx])5)/
2
3
Cos[1 (c+dx)] —Sin[1 (c+dx)]

[sd
2 2

(acCos[c+dx] +bSin[c+dx])5) -

(bSCos[c+dx]SSin[1 (c+dx) ] (a+bTan[c+dx])5)/
2
3
Cos[l (c+dx)] +Sin[1

N 2(c+dx)]

[sd

(aCos[c+dx] +bSin[c+dx])5) +

((—15ab4+b5) Cos[c+dx]° (a+bTan[c+dx])5)/
1 o1 2
[12d (Cos[g (c+dx)] +Sln[; (c+dx)]

(acCos[c+dx] +bSin[c+dx})5J +

(a+bTan[c+dx})5)/

(aCos[c+dx] +bSin[c+dx})5J +

(a+bTan[c+dx])5]/

(aCos[c+dx] +bSin[c+dx})5J +

Cos[c+dx]® 6@a2b3’Sin[l (c+dx)]-11b°Sin[ = (c+dx) |
2

1
2

(6d Cos[i (c+dx)} —Sin[l <c+dx)]

2

Cos[c+dx]® |-60ab?Sin| (c+dx>]+11b55in[ (c+dx”

N |

NRESEE

Cos[% (c+dx” +Sin[g <c+dx)]

a (a*-10a?b?+5b*) Cos[c+dx]>Sin[c+dx] (a+bTan[c+dx]>5

[6d

d(aCos[c+dx] +bSin[c+dx])®

Problem 102: Result more than twice size of optimal antiderivative.

JSec[c+dx}5 (acCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 147 leaves, 6 steps):
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b (5a*-10a?b?+b*) Log[Cos[c+dx]] 4ab? (a’-b?) Tan[c+dx]

a (a*-10a*b”>+5b%) x - + +
d d
b (3a%-b?) (a+bTan[c+dx])2 2ab(a+bTan[c+dx})3 b(a+bTan[c+dx])4
+ +
2d 3d 4d

Result (type 3, 369 leaves):
b*Cos[c+dx] (a+bTan[c+dx])® b (-5a2+b?) Cos[c+dx]? (a+bTan[c+dx])°

- +

4d (aCos[c+dx] +bSin[c+dx])® d(aCos[c+dx] +bSin[c+dx])®

a(a*-10a2b2+5b%) (c+dx) Cos[c+dx]® (a+bTan[c+dx])®

N
d (aCos[c+dx] +bSin[c+dx])®

((75a4b+1032b3—b5) Cos[c+dx]°Log[Cos[c+dxX]] (a+bTan[c+dx])5>/
5ab*Cos[c+dx]2Sin(c+dx] (a+bTan[c+dx])®

(d(aCos[c+dx]+bSin[c+dx})5)+ +
3d (aCos[c+dx] +bSin[c+dx])®

(10Cos[c+dx14 (3a’b?sin[c+dx] -2ab*Sin[c+dx]) (a+bTan[c+dx})5)/
(3d (acCos[c+dx] +bSin[c+dx])5)

Problem 103: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx])°dx

Optimal (type 3, 224 leaves, 15 steps):
a’ ArcTanh[Sin[c+dx]] 5a3®b?ArcTanh[Sin[c+dx]] 15ab*ArcTanh[Sin[c+dx]]

+ +

d d 8d
5a*bSec[c+dx] 10a’b3>Sec[c+dx] b°Sec[c+dx] 10a%’b3>Sec[c+dx]3
- + +

d d d 3d
2b°Sec[c+dx]3 b>Sec[c+dx]® 5a’b?Sec[c+dx] Tan[c+dx]
+ + -

3d 5d d

15ab*Sec[c+dx] Tan[c+dXx] 5ab*Sec[c+dx] Tan[c+dx]3
+

8d 4d

Result (type 3, 1219 leaves):
b (600 a* - 1000 a% b2 + 89 b*) Cos[c+dx]® (a+bTan[c+dx])°

+

120d (aCos[c+dx] +bSin[c+dx])®

(c+dx)]]

((—8a5+40a3b2—15ab4) Cos[c+dx15Log[Cos[1 (c+dx)]-sin]
2

N =

(a+bTan[c+dx])5 /(Sd (aCos[c+dx] +bSin[c+dx})5) +

(c+dx)]]

((8a5—40a3b2+15ab4) Cos[c+dx]5Log{Cos[l (c+dx)]+sin]
2

N |

(a+bTan[c+dx])5 /(Sd (aCos[c+dx] +bSin[c+dx})5) +
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( 25ab4+2b5) Cos[c+dx]°® (a+bTan[c+dx}>5)/

80 Cos c+dx)]—Sin[l(c+dxH *

|
e :
|
|

(acCos[c+dx] +bSin[c+dx})5J +

(

600 a> b? + 200 a% b> - 375ab4-31b5)Cos[c+dx]5(a+bTan[c+dx1>5)/

2
Cos | c+dx>]—Sin[l(c+dx)] (aCos[c+dx] +bSin[c+dx])®

2

240d

+

(bSCos[c+dx]SSin[1 (c+dx)] (a+bTan[c+dx])5J/
2

{Zed (Cos[% (c+dx)] —Sin[% (c+dx)] 5

(acCos[c+dx] +bSin[c+dx}>5J -

(bSCos[Cerx]SSin[1 (c+dx)] (a+bTan[c+dx])5J/
2

5
Cos | c+dx)]+Sin[l(c+dxH
2

(aCOS[C+dX] +bSin[C+dX}>5] +

(( 25ab4+2b5) Cos[c+dx]° (a+bTan[c+dx])5>/
1 4
[8 Cos c+dx)]+Sin[—(c+dxH
2
(-

(aCos[c+dx] +bSin[c+dx})5] +

( 600 a> b? + 200 a% b® + 375 a b* - 31b5)Cos[c+dx]5(a+bTan[c+dx])5)/

2

(aCos[c+dx] +bSin[c+dx])5 +

1 1
C — d Sin| — d
os | A (c+ x>]+ 1n[2(c+ x)]

240d

(Cos[c+dx]5

(a+bTan[c+dx])5)/

[120 d

—600a“b$in[l <c+dx)] +1000a2b3sin[l (c+dx)] —89bSSin[l (c+dx)]
2 2 2

Cos[% (c+dx)] +Sin{§ (c+dx)]

(acCos[c+dx] +bSin[c+dx])5) +

(a+bTan[c+dx])5]/

(acCos[c+dx] +bSin[c+dx])5) +

(a+bTan[c+dx})5)/

(acCos[c+dx] +bSin[c+dx])5) +

206a2b3Sin[l <c+dx)] —31bSSin{l (c+dx”
2 2
3

(Cos[c+dx]5

[120 d

Cos[i (c+dx)] 7Sin[§ (c+dx)]

-2eea2b351n[l (c+dx)] +31b551n[l (c+dx)]

(Cos[c+dx]5
2 2

3

[120d Cos[i (c+dx)] +Sin[§ (c+dx)]

6(a<aa4b51n[l (c+dx)] -1e(a<aa2b351n[1 (c+dx)] +89b551n[l (c+dx)]

(Cos[c+dx]5
2 2 2

(a+bTan[c+dx])5)/

(120 d

Cos[% (c+dx)] —Sin[% (c+dx)]

(acCos[c+dx] +bSin[c+dx])5)

Problem 104: Result more than twice size of optimal antiderivative.
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JSec[c+dx}7 (aCos[c+dx] +bSin[c+dx]>5dlx

Optimal (type 3, 30leaves, 2 steps):
(b+aCot[c+dx])6Tan[c+dx]6
6bd

Result (type 3, 370leaves):
b* (-5a%+b?) Cos[c+dx] <a+bTan[c+dx]>5

+

2d (aCos[c+dx] +bSin[c+dx])®

b (5a*-10a2b?+b*) Cos[c+dx]? (a+bTan[c+dx])5

+

2d (aCos[c+dx] +bSin[c+dx])®

b® Sec[c +d x] (a+bTan[c+dx])5 ab*Sin[c+dx] (a+bTan[c+dx])5
+ +

6d (aCos[c+dx] +bSin[c+dx])® d(aCos[c+dx]+bSin[c+dx])®

(2C05[c+dx]2 (5a’b®>sin[c+dx] -3ab*Sin[c+dx]) (a+bTan[c+dx])5)/

(Bd (acCos[c+dx] +bSin[c+dx])5) +

(Cos[c+dx]4 (3a®sin[c+dx] -1@0a’b*Sin[c+dx] +3ab*Sin[c+dx]) (a+bTan[c+dx])5)/
(Bd (acCos[c+dx] +bSin[c+dx])5)

Problem 105: Result more than twice size of optimal antiderivative.

JSec[c+dx]3 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 318 leaves, 19 steps):
a° ArcTanh[Sin[c+dx]] 5a3b?ArcTanh[Sin[c+dx]]

- +

2d 4d

5ab*ArcTanh[Sin[c+dx]] 5a*bSec[c+dx]® 10a?b3Sec[c+dx]?

16d ' 3d ) 3d '
b>Sec[c+dx]3 2a’b3Sec[c+dx]®> 2b°Sec[c+dx]> b>Sec[c+dx]’

3d ' d ) 5 d : 7d '

a°Sec[c+dx] Tan[c+dx] 5a*b?Sec[c+dx] Tan[c +dX]

2d ) 4d '
5ab*Sec[c+dx] Tan[c+dx] 5a*b2Sec[c+dx]3Tan[c+dx]

16d : 2d )
S5ab*Sec[c+dx]3Tan[c+dx] 5ab*Sec[c+dx]3>Tan[c+dx]3

8d : 6d

Result (type 3, 1677 leaves):
b (1400 a* - 1540 a® b? + 103 b*) Cos[c +d x]° (a+bTan[c+dx])5

.
1680 d (aCos[c+dx] +bSin[c+dx])°

(-8a°+20a°b”-5ab*) Cos[Cerx]SLog[Cos[1 (c+dx)]|-sin]

2

N |

(C+dx)]]
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(a+bTan[c+dx])5]/ (16d (acCos[c+dx] +bSin[c+dx])5) +
((8a5729a3b2+5ab4) COS[C+dX}5LOg[COS[1 (c+dx)] +Sin[1 (c+dx)]]

2 2

(a+bTan[c+dx])5]/ (16d (acCos[c+dx] +bSin[c+dx])5) +

( 35ab4+3b5) Cos[c+dx]°® <a+bTan[c+dx1>5)/

6
336d

Cos| c+dx>}—sin[%(c+dx)]

(aCos[c+dx] +bSin[c+dx])5J +

( 350 a3 b2+ 140 a2 b3 - 175ab4—18b5)Cos[c+dx]5(a+bTan[c+dx})5)/

4

Cos| c+dx”—$in[%(c+dx)]

(aCos[c+dx] +bSin[c+dx])5) +

( 840 a° + 1400 a* b - 2100 a° b” - 1540 a2 b® + 525 a b* + 183 b%) Cos[c + d x]° (a+bTan[c+dx])5)/

2
3360d

<
|
(
[560 d
(
|

Cos | (c+dx)]—Sin[§(c+dx)]

(acCos[c+dx] +bSin[c+dx})5] +

(bSCos[c+dx]SSin[§ (c+dx)] (a+bTan[C+dX])5)/
[56d (Cos[% (c+dx)] —Sin[% (c+dx)] 7

(acCos[c+dx] +bSin[c+dx})5J -

(bSCos[c+dx]SSin[1 (c+dx)] (a+bTan[c+dx])5)/
2

56 d (Cos[% (c+dx)] +Sin[§ (c+dx)] 7

(acCos[c+dx] +bSin[c+dx})5J +

6
Cos[1 (c+dx)] JrSin[1 (c+dx)]| (aCos[c+dx]+bSin[c+dx])®
2 2

+

4
Cos[1 (c+dx)] JrSin[1 (c+dx)]| (aCos[c+dx]+bSin[c+dx])®
2 2

+

(
((—35@a3b2+140a2b3+175ab4—18b5) Cos[c+dx]° (a+bTan[c+dx])5)/
(
[ 2

Cos[% (c+dx)] +Sin[§ (c+dx)]

(aCos[c+dx] +bSin[c+dx})5] +

Cos[c+dx]® —1406a4bsin[l (c+dx)] +1546a2b3Sin[l (c+dx)] —163bSSin[l (c+dx)]

2 2 2
')/

Cos[% (c+dx)] +Sin[§ (c+dx)]

(a+bTan[c+dx])

3
[1680 d

(aCos[c+dx] +bSin[c+dx})5] +

-14(a<aa4b51n[1 (c+dx)] +154<aa2b351n[1 (c+dx)] -1<a3b551n[1 (c+dx)]

(Cos[c+dx]5
2 2 2
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(a+bTan[c+dx])5)/

[168@d cOs[1 (c+dx)] +sin[l (c+dx)]

(aCos[c+dx] +bSin[c+dx])®
2 2

(a+bTan[c+dx])5]/

(aCos[c+dx] +bSin[c+dx])5) +

+

7<aa|2|:,351n[l (c+dx)] 79b55in[l (c+dx)]
2 2

Cos[c+dx]°

Cos[1 (c+dx)] —Sin[1 (c+dx)] i

{140 d
2 2

5

Cos[c +dx] 770a2b3Sin[1 (c+dx)] +9b551n[1 (c+dx)]

2 2

(a+bTan[c+dx}>5)/

5
{140d Cos[l (c+dx)] +Sin[l (c+dx)]| (aCos[c+dx] +bSin[c+dx])5) +
2 2
Cos[c+dx]° 1400a4bSin[1 (c+dx)] —1540a2b3Sin[l (c+dx” +1e3b551n[1 (c+dx”
2 2 2

(a+bTan[c+dx])®

/

Cos[% (c+dx)] —Sin[% (c+dx)]

3

[1680 d

(acCos[c+dx] +bSin[c+dx})5] +

140(aa4b51n[1 (c+dx)] —1540a2b3Sin[l (c+dx)] +1(a3b5s:'m[1 (c+dx)]

2 2 2

Cos[% (c+dx)] 7Sin[§ (c+dx)]

Cos[c+dx]>

(a+bTan[c+dx])®

(1680 d

(acCos[c+dx] +bSin[c+dx])5]

Problem 112: Result unnecessarily involves imaginary or complex numbers.
Cos[c+dx]3
J dx
aCos[c+dx] +bSin[c+dx]
Optimal (type 3, 1191leaves, 5 steps):

ab?x ax bCos[c+dx]?
+

(a? +b2)? 2(a2+b2)+ 2 (a2+b?) d

b3 Log[aCos[c+dx] +bSin[c+dx]] aCos[c+dx]Sin[c+dx]
+

(a2 +b%)%d 2 (a2 +b2) d

Result (type 3, 143 leaves):
1
4 (a?+b?)%d
4ib*>dx-41ib’ArcTan[Tan[c+dx]] +b (a®+b?) Cos[2 (c+dx)] +
2b%Log| (aCos[c+dx] +bSin[c+dx])2] +a*sin[2 (c+dx)| +ab’Sin|2 (c+dx)])

(2a3c+6ab2c+41‘1b3c+2a3dx+6ab2dx+
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Problem 119: Result more than twice size of optimal antiderivative.

Sec[c+dx]*
J dx
aCos[c+dx] +bSin[c+dx]

Optimal (type 3, 153 leaves, 7 steps):

aArcTanh[Sin[c+dx]] a (a*+b?) ArcTanh[Sin[c+dx]]

2b%d b4 d
(az " b2)3/2 ArcTanh [ bCos[c+dx]-aSin[c+d x] }
A/ a2+b?
b*d i
(a2+b2)SEC[C+dX] Sec[c+dx]3® aSec[c+dx] Tan[c+dX]
. _
b3d 3bd 2b2d

Result (type 3, 321 leaves):
7b+aTan[% (c+dx)]

Va2 + b?

Sec[c+dx]3 (12a2b+20b3+12b (a®+b%) Cos[2 (c+dx)] +

1
24 b*d

48 (a2 + bz) 3/2 ApcTanh [

] +

6a’Cos[3 (c+dx) | Log[Cos[1 (c+dx)] —Sin[% (c+dx)]]+
9ab?Cos |3 (c+dx]] Log[Cos{% (c+dx)] —Sin[% (c+dx)]]+9a(2a*+3b?) Cos[c+dx]

(Log[Cos[% (c+dx)] —Sin[% (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]) -

6a’Cos[3 (c+dx) | Log[Cos[i (c+dx)] +Sin[% (c+dx)]] -

9ab®Cos |3 (c+dx]] Log[Cos{% (c+dx)] +Sin[§ (c+dx)]]-6ab*sin[2 (c+dx) |

Problem 121: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]®
j dx
aCos[c+dx] +bSin[c+dx]

Optimal (type 3, 262 leaves, 11 steps):
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3aArcTanh[Sin[c+dx]] a (a?+b?) ArcTanh[Sin[c+dx]]

8b%d 2b*d

(az n bz) 5/2 ArcTanh { bCos[c+dx]-aSin[c+dx] }

- +

a (a?+b?) 2 ArcTanh[Sin[c +dx]]

b d bé d
(a2+b2)ZSec[c+dx} (a?+b?) Sec[c+dx]?® Sec[c+dx]® 3aSec[c+dx]Tan[c+dx]
bS d ' 3b3d T 8b2d )
a (a®+b?) Sec[c+dx] Tan[c+dx] aSec[c+dx]3Tan[c+dXx]
2b%d ) 4bd

Result (type 3, 1313 leaves):

((120 a* + 260 a® b? + 149 b*) Sec[c +dx] (aCos[c+dx] +bSin[c+dx])) /
(120b°d (a+bTan[c+dx])) +

[2 (a—ib)2 (a+1‘1b)2x/a2+b2 ArcTanh [

Va7 (-bcos[t [cdx]] -asin[} (c-dx)]]

aZCos[i (c+dxH +b2Cos[i (c+dx”

]

Sec[c+dx] (aCos[c+dx]+bSin[c+dx]) /(b"’d(a+bTan[c+dx]))+

((8a5+20a3b2+15ab4) Log[Cos[1 (c+dx)] —Sin[l (c+dx)]] secfc+dx]
2 2

(aCos[c+dx] +bsSin[c+dx])

(8b°d (a+bTan[c+dx])) +

H\

((—8a5—20a3b2—15ab4) Log[Cos|— (c+dx) | +Sin[1 (c+dx)]] Sec[c+dx]
2

(aCos[c+dx] +bsSin[c+dx]) (8b°d (a+bTan[c+dx])) +

\N

(-5a+2b) Sec[c+dx] (aCos[c+dx] +bSin[c+dx])

+

80 b2 d (Cos[i (c+dx)] —Sin[i (c+dx)])4 (a+bTan[c+dx])

((-60a®+20a’b-105ab®+29b%) Sec[c+dx] (aCos[c+dXx] +bSin[c+dx])>/

2
[240b4d Cos[l(c+dx)]—sin[l(c+dx”) (a+bTan[c+dx]) |+
2 2
Sec[c +dx] Sin[%(c+dx)] (aCos[c+dx] +bSin[c+dx])

20bd (Cos[% <c+dx)] —Sin[i <c+dx>])5 (a+bTan[c+dx])

Sec[c +dx] Sin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])

+

20bd (Cos[% (c+dx)] +Sin[% (c+dx>])5 (a+bTan[c+dx])

(5a+2b) Sec[c+dx] (aCos[c+dx] +bSin[c+dx])

+

80 b2d (Cos[% (c+dx)] +Sin[§ (c+dx)])4 (a+bTan[c+dx])

((6@a®+20a%b+105ab*+29b%) Sec[c+dx] (aCos[c+dx] +bSin[c+dx}>)/
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2
(a+bTan[c+dx])

+

[240b4d (Cos[% (c+dx)] +Sin[§ (c+dx)]

(Sec[c+dx] -20a°Sin|

1 (c+dx)] —29b25in[1 (c+dx”) (aCos[c+dx] +bSin[c+dx]))/
2 2
3

(a+bTan[c+dx])

+

[120b3d (Cos[% (c+dx)] +Sin[§ (c+dx)]

(Sec[c+dx] ZOaZSin[l(c+dx)}+29bzsin[1(c+dx)] (aCos[c+dx1+bSin[c+dx])/
2 2
; 1 1 3
[120b d Cos[—(c+dx)]—51n[;(c+dx” (a+bTan[c+dx]) |+
2

(Sec[c +dx]

—120a4Sin[l (c+dx)} —260a2bZSin[l (c+dx)] —149b4Sin{l (c+dx”
2 2 2

/

[120b5d (Cos[% (c+dx)] +Sin[§ (c+dx)]

(aCos[c+dx] +bSin[c+dx])

(a+bTan[c+dx]) |+

120a4Sin{l (c+dx)] +260a2bZSin[l (c+dx)] +149b“Sin[l <c+dx)]
2 2 2

/

[1zeb5d (Cos[% (c+dx)] —Sin[% (c+dx”) (a+bTan[c+dx])

(Sec[c +dXx]

(aCos[c+dx] +bsSin[c+dx])

Problem 124: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c+dx]?
J dx
(aCos[c+dx] +bSin[c+dx])?

Optimal (type 3, 82leaves, 4 steps):
(a2-b?) x 2abloglaCos[c+dx] +bSin[c+dx]] b
N

(a2+b2)2 <a2+b2)2d (a2+b?) d (a+bTan[c+dx])

Result (type 3, 192 leaves):
(a2Cos[c+dx] ((a+1‘1b)2 (c+dx) +ablog|(aCos[c+dx] +bSin[c+dx])2}) +
b((a+1’1b) (-ib*+ab(1+ic+idx)+a®(c+dx))+
a’bLog[ (aCos[c+dx] +bSin[c+dx])2” Sinf[c+dx] -
2ia’bArcTan[Tan[c+dx]] (aCos[c+dx] +bSin[c+dx])>/
(a (a2+b2)2d (aCos[c+dx] +bSin[c+dx]))
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Problem 129: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dx]3
J dx
(aCos[c+dx] +bSin[c+dx])2

Optimal (type 3, 179leaves, 11 steps):
2a?ArcTanh[Sin[c+dx]] ArcTanh[Sin[c+dXx]]
+

+

b*d 2b%d
) 3a+/a? + b? ArcTanh | 2Cesledxiasinicdx] |
(a? + b?) ArcTanh[Sin[c+dx]] NN
b* d : b* d
2aSec[c+dx] a?+b? Sec[c+dx] Tan[c +dx]
b3d b3d(aCos[c+dx}+bSin[c+dx])+ 2b2d

Result (type 3, 709 leaves):
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(a-ib) (a+ib)Sec[c+dx]? (aCos[c+dx]+bSin[c+dx])

b*d (a+bTan[c+dx])?

2asec[c+dx]? (aCos[c+dXx] +bSin[c+dx])2

b3d <a+bTan[c+dx})2

[GB\WAPcTanh[m (—bCos[i (c+dx)]+asin[ <c+dx)])

aZCos[i (c+dx)] +b2Cos[§ (c+dx)]

J

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])? /(b“d (a+bTan[c+dx})2) -

(3 (2@ +b?) Log[Cos|

N |

(c+dx)] - Sin|

N |

(c+dx)H Sec[c+dx]?
(aCos[c+dx] +bSin[c+dx])2)/(2b4d (a+bTan[c+dx])2) +

(3 (2a%+b?) Log[Cos[% (c+dx)] +Sin| (c+dx)H Sec[c+dx]?

N | =

(aCos[c+dx] +bSin[c+dx])2)/(2b4d (a+bTan[c+dx])2) +

Sec[c+dx]? (aCos[c+dXx] +bSin[c+dx])2

4b2d (Cos[% (c+dx)] —Sin[i (c+dx)”2 (a+bTan[c+dx])?

2aSec[c+dx]ZSin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?
b3d (Cos[i (c+dx)] —Sin[i (c+dx)]) (a+bTan[c+dx])2

Sec[c+dx]? (aCos[c+dXx] +bSin[c+dx])2

+

462d (cos[ X (c+dx)] +sin[l (c+dx)])* (a+bTan(c+dx])?

2aSec[c+dx]ZSin[§ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

b3 d (Cos[% (c+dx)] +Sin[§ (c+dx)]) (a+bTan[c+dx])?

Problem 132: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]3
j dx

(aCos[c+dx] +bSin[c+dx])>

Optimal (type 3, 122leaves, 5steps):
a (a?-3b?) x . b (3a%-b?) Log[aCos[c+dx] +bSin[c+dx]]
(a?+b2)? (a+b%)°d
b 2ab

2 (a2+b?)d (a+bTan[c+dx])? (a?+b?)?d (a+bTan[c+dx])

Result (type 3, 154 leaves):
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1

2d

2a(a?-3b?) (c+dx) 2b(-3a?+b?) LoglaCos[c+dx]+bSin[c+dx]]

(a? +b2)° (a2 +b?)?

b3 6b2Sin[c+dx]

+

(a—jlb)2 (a+1’1b)2 (acCos[c+dx] +bSin[c+dx])2 (a2+b2)2 (aCos[c+dx] +bSin[c+dx])

Problem 134: Result more than twice size of optimal antiderivative.

Cos[c+dx]
J dx
(aCos[c+dx] +bSin[c+dx])>

Optimal (type 3, 22 leaves, 2 steps):
1

72bd (a+bTan[c+dx1)2

Result (type 3, 57 leaves):
~bCos[2 (c+dx)|+asSin[2 (c+dXx) ]|

2 (a?+b?) d (aCos[c+dx] +bSin[c+dx])2

Problem 135: Result unnecessarily involves imaginary or complex numbers.
J 1
(aCos[c+dx] +bSin[c+dx])3

dx

Optimal (type 3, 103 leaves, 3 steps):

ArcTanh [ bCos[c+dx]-aSin[c+dx] }

< a?+b? bCos[c+dx] -aSin[c+dXx]
2 (a2+b2)%%d 2 (a?+b?) d (aCos[c+dx] +bSin[c+dx])?

Result (type 3, 132leaves):

(a*+b?) (-bCos[c+dx] +aSin[c+dx]) +

~b+aTan[% (c+dx
2+/a®+b? ArcTanh| [2< )]](aCos[c+dx]+bSin[c+dx])2/
Va2 +b?

(2 <a—ib)2 (a+1‘1b)2d (aCos[c+dx] +bSin[c+dx])2>

Problem 139: Result unnecessarily involves imaginary or complex numbers.

Sec[c+dx]?
J dx
(aCos[c+dx] +bSin[c+dx])?

Optimal (type 3, 383 leaves, 31 steps):
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4 a%ArcTanh[Sin[c+dx]] 3aArcTanh[Sin[c+dx]] 6a (a®+b?) ArcTanh[Sin[c+dx]]

b® d 2b%d béd
8 az m Ar‘cTanh [ bCos[c+dx]-aSin[c+d Xx] ] \/W ArcTanh [ bCos[c+dx]-aSin[c+d Xx] }
b® d 2b%*d
2 (az + bz) 3/2 ArcTanh { b Cos[c+dx]-aSin[c+d x] }

Jarib? 4 a%Sec[c+dx]

+ +
b d b> d
2 (a?+b?) Sec[c+dX] +Sec[c+dx}3 i (a?+b?) (bCos[c+dx] -aSin[c+dx]) X
b° d 3b3d 2b*d (aCos[c+dx] +bSin[c+dx])?
4a (a?+b?) 3aSec[c+dx] Tan[c +d x]
b5d(aCos[c+dx]+bSin[c+dx1)7 2b*d

Result (type 3, 688 leaves):
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1
12b°d (a+bTan[c+dx])>

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])

6 b2 (a2+b2>zsin[c+dx] 6 (a-ib) (a+ib)b (8a?-b?) (aCos[c+dx] +bSin[c+dx])
+ +
a a

2b (36a%+13b?) (aCos[c+dx] +bSin[c+dx])*+

~b+aTan[t (c+dx
60+/a’+b? (4a”+b?) ArcTanh| [2 ( H] (aCos[c+dx] +bSin[c+dx])?+

30a (4a’+3b%) Log[Cos[~ (c+dx) | —Sin[E (c+dx)]] (acos[c+dx] +bSin[c+dx])2—
2

30a (4a’+3b%) Log[Cos|[~ (c+dx) | +Sin[l (c+dx)]] (aCos[c+dx] +bSin[c+dx])*+

2
+bS.in[c+dx})2

N RN R

—

b2 (-9a+b) (aCos[c+dx

+

(Cos[i (c+dx)] —Sin[i (c+dx)])2

2b351n[§ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

+

(Cos[i (c+dx)] —Sin[i (c+dx)])3
(Zb (36 a2 + 13 b?) Sin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])2]/

(Cos[% (c+dx)] —Sin[% (c+dx)]

2b3Sin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?

(Cos[%(c+dx)}+Sin[%(c+dx)])3 '

b2 (9a+b) (aCos[c+dx] +bSin[c+dx])?

(Cos[i (c+dx)] +Sin[§ (c+dx>])2

[Zb (36a% + 13 b?) Sin[1 (c+dx)] (aCos[c+dx] +bSin[c+dx])2J/
2

Cos[% (c+dx)] +Sin[§ (c+dx”

Problem 140: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c+dXx]?
J dx
(aCos[c+dx] +bSin[c+dx])3

Optimal (type 3, 232 leaves, 3 steps):
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(a2 +b?)° ) (5a2-b?) (a2+b?)?

2a?b%d (b+aCot[c+dx])? a*b°d (b+aCot[c+dx])

+

3 (a?+b?) (5a%+b?) Log[b+aCot[c+dx]] 3 (a?+b?) (5a%+b?) Log[Tan[c+dx]]

+ —

b7d b7d
a(lea’?+9b?) Tan[c+dx] 3 (2a*+b?) Tan[c+dx]? aTan[c+dx]® Tan[c+dx]*
+ - +
b® d 2b°d b*d 4b3d

Result (type 3, 530leaves):
(a-ib)? (a+1ib)?*Sec(c+dx]3 (aCos[c+dx] +bSin[c+dx])

2b°d (a+bTan[c+dx])?
(3 (5a*+6a”b”+b*) Log[Cos[c+dx]] Sec[c+dx]? (aCos[c+dx] +bSin[c+dx}>3)/
(b7d (a+bTan[c+dx])3) + (3 (5a*+6a*b”+b*) Log[aCos[c+dx] +bSin[c+dx]]
Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])3)/(b7d (a+bTan[c+dx])3) +

(3a%+b?) Sec[c+dx]5 (aCos[c+dx] +bSin[c+dx])>
.
b>d (a+bTan[c+dx])?

Sec[c+dx]7 (aCos[c+dx] +bSin[c+dx])>

4b*d (a+bTan[c+dx])>
(25ec:[c+dx]4 (aCos[c+dx] +bSin[c+dx])3 (5a®sin[c+dx] +4abZSin[c+dx]))/
(bﬁd (a+bTan[c+dx])3) - (55ec[c+dx}3 (aCos[c+dx] +bSin[c+dx])?
(a*sin[c+dx] +2a*b*Sin[c+dXx] +b4Sin[c+dx]))/(b6d (a+bTan[c+dx])3) -

aSec[c+dx]® (aCos[c+dx] +bSin[c+dx])3Tan[c+dx1

b*d (a+bTan[c+dx])3

Problem 141: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c+dx]*
J dx
(aCos[c+dx]+bSin[c+dx])4
Optimal (type 3, 165leaves, 6 steps):
(a*-6a2b?+b*) x 4ab (a’-b?) LoglaCos[c+dx]+bSin[c+dx]]
+
(a2 +b2)* (a?+b2)*d
b
3 (a2+b?) d (a+bTan[c+dx])3
ab b (3a2-b?)

(a2+b?)*d (a+bTan[c+dx])? (a?+b2)>d (a+bTan[c+dx])

Result (type 3, 419leaves):
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(a2-2ab-b?) (a2+2ab-b?) (c+dx)
(a-ib)* (a+1ib)*d

+

(4<J‘1a19b+a9b2+2ia8b3+2a7b4—2ia4b7—2a3b8—ia2b9—abm) (c+dx))/
41 (a®*b-ab?) ArcTan[Tan[c+dx]]
(a2+b2)4d

+

((a-ib)® (a+ib)’d]

2 (a*b-ab?) Log[(aCos[c+dx] +bSin[c+dx])?]
(a2+b2)4d

b*Sin[c +dx]

+

3a (a—Jib)2 (a+1’1b)2d (aCos[c+dx] +bSin[c+dx])3
b® (6 a2+ b?)

.
3a(a-ib)’ (a+ib)’d (aCos[c+dx] +bSin[c+dx])?

2 (9a*b?sin[c+dx] -2b*Sin[c+dx])

3a(a-ib)’ (a+ib)’d (aCos[c+dx] +bSin[c+dx])

Problem 143: Result more than twice size of optimal antiderivative.

Cos[c +dx]?
J dx

(aCos[c+dx] +bSin[c+dx])*

Optimal (type 3, 30leaves, 2 steps):
Cot[c+dx]3

3bd (b+aCot[c+dx})3

Result (type 3, 124 leaves):
(-6ab (a*+b*) Cos[c+dx] + (-6a*b+2ab®) Cos[3 (c+dx)]+
2 (a®-b%) (3a2+b?+ (3a*-b?) Cos[2 (c+dx)]) Sin[c+dx})/
(12a (a2+b2)2d (aCos[c+dx] +bSin[c+dx])3)

Problem 146: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c +dXx]
J dx
(aCos[c+dx] +bSin[c+dx])*

Optimal (type 3, 231 leaves, 8steps):
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a ArcTanh { b Cos[c+d x]-aSin[c+dX] }

ArcTanh[Sin[c +d x]] W
b* d ' 2b2 (a2 +b2)%? d )
aAPCTanh[bCos[c+dxMaSin{c+dxl ]
[z 1
b4*/a2+ b2 d _3bd(aCos[c+dx}+bSin[c+dx])3+
a(bCos[c+dx]-aSin[c+dx]) 1

2b? (a?+b?) d (aCos[c+dx] +bSin[c+dx])? b’d (aCos[c+dx] +bSin[c+dx])

Result (type 3, 478 leaves):

Sec[c+dx]* (aCos[c+dx] +bSin[c+dx])

+

3bd (a+bTan[c+dx]>4

(-2a2-b?) Sec[c+dx]* (aCos[c+dx] +bSin[c+dx])?

2b% (-ia+b) (ia+b)d(a+bTan[c+dx])*

[a\/m <2a2+3b2)Ar‘cTanh[\/a2+b2 (—bCos[% (c+dx) ] +aSin[§ (c+dx)})]

aZCos[i (c+dx)] +b2Cos[i (c+dx)]
Sec[c+dx]* (aCos[c+dx] +bSin[c+dx])* /((a4b4+232b6+b8) d (a+bTan[c+dx})4) _

(Log[Cos[i (c+dx)]-sin]

(b“d (a+bTan[c+dx])4) +

N |

(c+dx)]]sec[c+dx]* (aCos[c+dx] +bSin[c+dx})4]/

(Log[Cos[l (c+dx)] +sin[ = (c+dx)]] Sec[c+dx]* (aCos[c+dX] +bSin[c+dx})4]/
2

N |

(b“d (a+bTan[c+dx])4) _Sec[c+dx]3 (acos[c+dx] +bSin[c+dx])?Tan[c+dx]

2b%d (a+bTan[c+dx])*

Problem 169: Result more than twice size of optimal antiderivative.

Sec[c +dXx]
J dx
(aCos[c+dx] +iaSin[c+dx])?

Optimal (type 3, 46 leaves, 8 steps):
ArcTanh[Sin[c+dx]] 21Cos[c+dx] 2Sin[c+dXx]

a%d a%d a%d

Result (type 3, 184 leaves):
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i

Sec[c+dx]?

(Cos[% (c+dx)] [21’1+Log[Cos[§ (c+dx)] —Sin[% (c+dx)]] —Log[Cos[% (c+dx)]+

Sin[i <c+dx)H) + (2+]‘1Log[Cos[§ (c+dx)] —Sin[% (c+dx)]] -

jLog[Cos[% (c+dx)] +Sin[§ <c+dx)H) Sin[% (c+dx)]

)/(azd (—1+Tan[c+dx])2))

(Cos[g (c+dx)] +]'lSin[§ (c+dx)]

Problem 171: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx
(aCos[c+dx] +iaSin[c+dx])?

Optimal (type 3, 56 leaves, 8 steps):
3ArcTanh[Sin[c+dx]] 21Sec[c+dx] Sec[c+dx] Tan[c+dXx]
2a%d a’d 2a%d

Result (type 3, 146 leaves):
1

4a%d

(c+dx)]]+3Cos[2 (c+dx) |

(crax]]]) -

Sec[c +dx]? (81‘1Cos[c+dx] +3Log[Cos[1 (c+dx)]|-sin]
2

N |

(Log[Cos[i (c+dx)] —Sin[% (c+dx)]]-Log[Cos|[= (c+dx)] +Sin]

N |
N |

3Log[Cos[l (c+dx” +Sin| (c+dx)H +2Sin[c+dx]
2

1
2

Problem 173: Result more than twice size of optimal antiderivative.

Sec[c+dXx]?
J dx
(aCos[c+dx] +iaSin[c+dx])?

Optimal (type 3, 84 leaves, 10 steps):

5ArcTanh[Sin[c+dx]] 2iSec[c+dx]3 5Sec[c+dx]Tan[c+dx] Sec[c+dx]3Tan[c+dX]
_ + _

83a%d 3a%d 8a%d 4a%d

Result (type 3, 215leaves):



Mathematica 11.3 Integration Test Results for 4.7.2 trig™"m (a trig+b trig)~n.nb | 45

1
192 a2d

Sec[c+dx]*

(1281‘1Cos[c+dx} +45Log[Cos[1 (c+dx)] 7Sin[1 (c+dx)]] +60Cos[2 (c+dx)]
2 2

Log|[Cos |

N |

(c+dx)] 7Sin[l (c+dx)]] —Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]] +
15Cos[4 (c+dx) | [Log[Cos|[~ (c+dx)] 7Sin[§ (c+dx)]]-

(c+dx)]] -

N“_‘N

(
Log[Cos[1 (c+dx)] +Sin[§

45 Log [Cos[

N |-
N

(c+dx” +Sin[1 (c+dx)H +18Sin[c+dx] - 30Sin[3 <c+dx)]
2

Problem 179: Result more than twice size of optimal antiderivative.

Cos[c+dx]
J dx
(aCos[c+dx] +iasSin[c+dx])?

Optimal (type 3, 32leaves, 2 steps):

i Cot[c +dx]?

2a%d <J‘L+Cot[c+dx])2

Result (type 3, 77 leaves):

iCos[2 (c+dx)] X iCos[4 (c+dx)] +Sin[z (c+dx)] +Sin[4 (c+dx)]

4a3d 8a3d 4a3d 8a3d

Problem 185: Result more than twice size of optimal antiderivative.

Sec[c+dXx]?
J dx
(aCos[c+dx] +iasSin[c+dx])?

Optimal (type 3, 34 leaves, 3 steps):
i(i-Cot[c+dx])*Tan[c+dx]*

4a3d

Result (type 3, 90leaves):

- J'lSec[c]Sec[c+dx]4(3Cos[c]+2Cos[c+2dx]+2Cos[3c+2dx]—
43°d

3iSin[c]+2iSin[c+2dx]-21iSin[3c+2dx] +iSin[3c+4dx])

Problem 188: Result more than twice size of optimal antiderivative.

J ! dx
Sec[x] + Tan[x]

Optimal (type 3, 5leaves, 3 steps):



46 | Mathematica 11.3 Integration Test Results for 4.7.2 trig™"m (a trig+b trig)”~n.nb

Log[1l+Sin[x]]
Result (type 3, 16leaves):
X

2 Log[cos| | +Sin[§H

Problem 191: Result more than twice size of optimal antiderivative.
j Tan [x] .
Sec [x] + Tan[X]
Optimal (type 3, 11 leaves, 3 steps):

Cos [x]

X +

1+Sin[x]

Result (type 3, 25leaves):

2sin[>]

X —

Cos[?] +Sin[§]

Problem 192: Result more than twice size of optimal antiderivative.
j Cot [x] .
Sec [x] + Tan[Xx]
Optimal (type 3, 9leaves, 4 steps):
-X - ArcTanh[Cos [X] ]

Result (type 3, 20leaves):

Sx- Log[COS[g]] + LOg[Si"[EH

Problem 193: Result more than twice size of optimal antiderivative.
J Sec [Xx] dx
Sec[x] + Tan[X]
Optimal (type 3, 10leaves, 2 steps):

Cos [X]

1+Sin[x]

Result (type 3, 23 leaves):
2sin[*]

Cos[i] +Sin[§}
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Problem 199: Result more than twice size of optimal antiderivative.
J Cot [x] dx
Sec[x] - Tan[Xx]
Optimal (type 3, 7 leaves, 4 steps):
X — ArcTanh [Cos [x] ]

Result (type 3, 18leaves):

X - Log[Cos[EH + Log[sin[g]]

Problem 200: Result more than twice size of optimal antiderivative.
J Sec [Xx] .
Sec[x] - Tan[Xx]
Optimal (type 3, 11 leaves, 2 steps):

Cos [X]
1-Sin[x]

Result (type 3, 25leaves):

2sin[ ]
Cos[i] —Sin[ﬂ

Problem 203: Result more than twice size of optimal antiderivative.
J Sin[x] dx
Cot[x] + Csc[X]

Optimal (type 3, 6leaves, 3 steps):

X - Sin[x]

Result (type 3, 14 leaves):
X Sin[x]
2 2

Problem 205: Result more than twice size of optimal antiderivative.
J Tan[x] x
Cot[x] + Csc[X]

Optimal (type 3, 7 leaves, 4 steps):

-X+ArcTanh[Sin[x] ]

Result (type 3, 36 leaves):
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_x—Log[Cos[g] —Sin[g]] +Log[Cos[§] +Sin[§]]

Problem 209: Result more than twice size of optimal antiderivative.

Sin[x]
J dx
-Cot[x] +Csc[Xx]

Optimal (type 3, 4leaves, 3 steps):

X +Sin[x]

Result (type 3, 14 leaves):
X Sin[x])

—+

2 2

Problem 211: Result more than twice size of optimal antiderivative.

Tan[x]
J dx
-Cot[x] +Csc[X]
Optimal (type 3, 5leaves, 4 steps):

X + ArcTanh [Sin[x]]

Result (type 3, 46 leaves):
x _1 X1 _gin[X71. 1 X1, sin[ X
2 ;—;Log[Cos[;]—Sln[zH 2Log[Cos[2] Sln[z]]
Problem 215: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
JCsc[c+dx] +Sin[c+dx]

dx

Optimal (type 3, 23 leaves, 3 steps):

ArcTanh [ Costerdxl |

V2 d
Result (type 3, 61leaves):

Cos[c]-(-1+Sin[c]) Tan[d%}

V2

Cos[c]-(i+Sin[c]) Tan{dzl] }

ArcTanh|
V2

| +ArcTanh|

V2 d

Problem 218: Result more than twice size of optimal antiderivative.

Tan[c +dXx]
J dx
Csc[c+dx] +Sin[c+dx]
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Optimal (type 3, 29leaves, 4 steps):
ArcTan[Sin[c+dx]] ArcTanh[Sin[c+dXx]]
+
2d 2d

Result (type 3, 63 leaves):

1
- —|ArcTan[Sin[c+dXx]] +
2d

1
(c+dx>] +Sln[£ (c+dx)]]

Log [Cos [

N |

<c+dx)] - Sin|

N |

(c+dx)]]-Log[Cos|

N |

Problem 225: Result more than twice size of optimal antiderivative.

Tan[c +dXx]
J dx
Csc[c+dx] -Sin[c+dXx]

Optimal (type 3, 34 leaves, 3 steps):
ArcTanh[Sin[c+dx]] Sec[c+dx] Tan[c +dX]
+
2d 2d

Result (type 3, 69 leaves):

i Log[Cos[% (c+dx)] —Sin[% (c+dx)]] -
Log[Cos[l (c+dx)] +Sin[1 (c+dx)]] +sec[c+dx] Tan[c +dx]
2 2

Problem 226: Result more than twice size of optimal antiderivative.

Cot[c+dx]
J dx
Csc[c+dx] -Sin[c+dX]

Optimal (type 3, 11leaves, 2 steps):
ArcTanh[Sin[c +d x]]
d

Result (type 3, 68 leaves):

Log[Cos[§+ dTX} —Sin[§+d7x]] Log|[Cos |
d d

Problem 240: Result more than twice size of optimal antiderivative.

JSec[c+dx} (asinfc+dx] +bTan[c+dx})2d1x

Optimal (type 3, 90leaves, 7 steps):
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(Zaz—bz) ArcTanh[Sin[c+dx]] 3a%Sin[c+dx]

-2abx+ - N
2d 2d
abTan[c+dx] (b+aCos[c+dx])?Sec[c+dx] Tan[c+dx]
.
d 2d

Result (type 3, 265 leaves):

1
- —Sec[c+dx]?
4d

4abc+4abdx+

ZaZLog[Cos[i (c+dx)]-sin[= (c+dx)]] -b?Log[Cos|[= (c+dx)] 7Sin[1 (c+dx)]]-

2

RN R
RN R

2a2Log[Cos[§ (c+dx)] +Sin[; (c+dx)]] +b2Log[Cos[; (c+dx)] +Sin[§ (c+dx)]|]+

Cos[2 (c+dx)]

4ab (c+dx)+ (2a%-b?) Log[Cos[% (c+dx)] —Sin{% (c+dx)]]+

(-2a%+b?) Log[Cos{% (c+dx)] +Sin[§ (c+dx>]]) +

(a*>-2b%) sin[c+dx] -4abSin[2 (c+dx)] +a*Sin[3 (c+dx) |

Problem 241: Result more than twice size of optimal antiderivative.

JSec[c+dx}2 (asin[c+dx] +bTan[c+dx])?dx

Optimal (type 3, 99leaves, 7 steps):

, abArcTanh[Sin[c+dx]] (2a’-b?) Tan[c+dx]
—-a” X - + +

d 3d

abSec[c+dx] Tan[c +dX] (b+aCos[c+dx])ZSec[c+dx]2Tan[c+dx1
+

3d 3d

Result (type 3, 201 leaves):

1
——Sec[c+dx]3

-9aCos[c+dx] [a(c+dx) -
12d
bLog[Cos[%<c+dx)]—Sin{%(c+dx)H+bLog[Cos[%(c+dx)]+$in[%(c+dx)“ -
3acCos[3 (c+dx)] [a (c+dx)—bLog[Cos[%(c+dx)]—$in[%(c+dx)“+

bLog[Cos[i (c+dx) | +Sin[% (c+dx)]]|+

2 (3a%+b*+6abCos[c+dx] + (3a’-b?) Cos[2 (c+dx)])Sin[c+dx]

Problem 242: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (asin[c+dx] +bTan[c+dx}>2dlx
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Optimal (type 3, 125leaves, 9steps):
(4a®+b?) ArcTanh[Sin[c+dx]] 2abTan[c+dx] [2a®-b?)Sec[c+dx] Tan[c+dx]

+ +
8d 3d 8d
abSec[c+dx]2Tan[c +dx] (b+aCos[c+dx1>ZSec[c+dx]3Tan[c+dx]
+
6d 4d

Result (type 3, 336 leaves):

Sec[c+dx]*?
192d

(36a2 Log[Cos[1 (c+dx)] —Sin[1 (c+dx)]]+9b?Log[Cos

1 .
A " ;(c+dx”—$1n[

(C+dx>]]—

Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]|+3 (4a%+Db?) Cos[4 (c+dx

<c+dX)H+

N =

[
12 (4a+b?) Cos[2 (c+dx) | Log[Cos[% (c+dx)] 7Sin[§
]

(C+dX>H -

36a2Log[Cos[l (c+dx)] +Sin[§ (c+dx)]] 79b2Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]+

R

(Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[§ (c+dx)] +sin|

24a’sin[c+dx] +42b’Sin[c+dx] +32abSin[2 (c+dx)] +

24a*sin[3 (c+dx) | -6b*Sin[3 (c+dx)|-16absSin[4 (c+dX) ]

Problem 264: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cos[c+dx]3
j dx

(asinfc+dx] +bTan[c+dx])3

Optimal (type 3, 248 leaves, 6 steps):
b® 2b° (3a2-b?)

2a° (a2 -b?)%d (b+aCos[c+dx])2 a3 (az—b2)3d (b+aCos[c+dx]) i
(a(a?+3b%) -b (3a?+b?) Cos[c+dx])Csc[c+dx]? (2a+5b) Log[l-Cos[c+dx]]

2(a2—b2)3d 4(a+b)4d
(2a-5b) Log[1+Cos[c+dx]] b*(15a*-4a2b?+b*) Log[b+aCos[c+dx]]
4 (a-b)*d a® (a?-b?)*d

Result (type 3, 713 leaves):



52 | Mathematica 11.3 Integration Test Results for 4.7.2 trig™"m (a trig+b trig)”~n.nb

bé (b+aCos[c+dx]) Tan[c+dx]>

2a% (-a+b)? (a+b)*d (aSin[c+dx] +bTan[c+dx])>

2b° (-3a%+b?) (b+aCos[c+dx])2Tan[c+dx13

a®(-a+b)’ (a+b)’d (aSin[c+dx] +bTan[c+dx])>

2i (a®-4a°b2-9ab*) (c+dx) (b+aCos[c+dx1)."Tan[c+dx]3

(a-b)* (a+b)*d (asin[c+dx] +bTan[c+dx])?

i(-2a-5b) ArcTan[Tan[c+dXx]] (b+aCos[c+dx1)3Tan[c+dx13

2 (a+b)4d (asinfc+dx] +bTan[c+dx]>3

i(-2a+5b) ArcTan[Tan[c+dx]] (b+aCos[c+dx1)3Tan[c+dx13

2 (-a+b)*d (asin[c+dx] +bTan[c+dx])?

(b+aCos[c+dx])3Csc[i (c+dx)]2Tan[c+dx]3

+

8 (a+b)3d (asinf[c+dx] +bTan[c+dx])3

<c+dx)]2} Tan[c+dx}3)/

( -2a- )(b+aCos[c+dx])3Log[Sin[

N |

<c+dx)]2} Tan[c+dx}3)/
4 (a+b)*d (asin[c+dx] +bTan[c+dx])3) +

(b+aCos[c+dx])35ec[% (c+dx)]2Tan[c+dx]3

8 (-a+b)’>d (asin[c+dx] +bTan[c+dx])>

Problem 265: Result more than twice size of optimal antiderivative.

Cos[c+dx]
J dx
(asin[c+dx] +bTan[c+dx])>

Optimal (type 3, 232 leaves, 6 steps):
bS b* (5 a2 - b?)

+ +

o (a2-b?)%d (b+aCos[c+dx])® a?(a?-b?)’d (b+aCos[c+dx])

(b (3a%+b?) -a (a?+3b?) Cos[c+dx])Csc[c+dx]? (a+4b)Log[l-Cos[c+dx]]

2 (a2-b?)*d 4 (a+b)*d
(a-4b) Log[1+Cos[c+dx]] 2b*(5a%+b?) Log[b+aCos[c+dx]]

+

4 (a-b)*d (a2-b?)*d

Result (type 3, 477 leaves):
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b (b+aCos[c+dx]) Tan[c+dx]?
- +

2a% (-a+b)? (a+b)?d (aSin[c+dx] +bTan[c+dx])>

b* (-5a?+b?) (b+aCos[c+dx])ZTan[c+dx]3

a? (-a+b)’ (a+b)’d (aSin[c+dx] +bTan[c+dx])> )

(b+aCos[c+dx])3Csc[i (c+dx)]2Tan[c+dx]3

+

8 (a+b)3d (asinf[c+dx] +bTan[c+dx])3

(a-4b) (b+aCos[c+dx])3Log[CosE (c+dx)]] Tan[c+dx]?

+

2 (-a+b)*d (asSin[c+dx] +bTan[c+dx])>
(2 (5a%b*+b°) (b+aCos[c+dx])3Log[b+aCos[c+dx]1 Tan[c+dx]3)/
((—a2+b2)4d (asin[c+dx] +bTan[c+dx])3) +

(-a-4b) (b+aCos[c+dx1)3Log{Sin[§ (c+dx)]] Tan[c+dx]?

2 (a+b)*d (aSin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])3Sec[i (c+dx)]2Tan[c+dx]3

8 (-a+b)’>d (asin[c+dx] +bTan[c+dx])?

Problem 266: Result more than twice size of optimal antiderivative.

Cos[c+dx]
J dx
(asin[c+dx] +bTan[c+dx])>

Optimal (type 3, 211 leaves, 6 steps):
b* 4ab3

2a (az—bz)zd (b+aCos[c+dx])2 (az—bz)Bd (b+aCos[c+dx])
(a(a?+3b%) -b (3a2+b?) Cos[c+dx])Csc[c+dx]? 3blog[l-Cos[c+dx]]
2 (a2-b2)°d 4 (a+b)*d

+

3blog[l+Cos[c+dx]] 6ab?(a’+b?) Log[b+acCos[c+dx]]
4(a—b)4d (a27b2)4d

Result (type 3, 458 leaves):
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b* (b+aCos[c+dx]) Tan[c+dx]>

+

2a(-a+b)? (a+b)?d (aSin[c+dx] +bTan[c+dx])>

4 ab3 (b+aCos[c+dx])2Tan[c+dx]3

(fa+b)3 (a+b)3d (asinfc+dx] +bTan[c+dx])3

(b+aCos[c+dx])3Csc[i (Cerx)]zTan[c+dx]3

+

8 (a+b)3d (asinf[c+dx] +bTan[c+dx])3

3b <b+aCos[c+dx1)3Log{Cos[§ (c+dx)]] Tan[c+dx]?

2 (-a+b)*d (asin[c+dx] +bTan[c+dx])>
(6 (a®b? +ab?) (b+aCos[c+dx])3Log[b+aCos[c+dx]1 Tan[c+dx]3)/
((—a2+b2)4d (asin[c+dx] +bTan[c+dx])3) -

3b <b+aCos[c+dx1)3Log[Sin[§ (c+dx)]] Tan[c+dx]?

+

2 (a+b)*d (aSin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])3Sec[i (c+dx)]2Tan[c+dx]3

8 (-a+b)’>d (asin[c+dx] +bTan[c+dx])?

Problem 267: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1

dx
J(aSin[Cerx] +bTan[c+dx])>

Optimal (type 3, 229 leaves, 5steps):
b3 b? (3 a%+ b?)

- + +

2 (az—bz)zd (b+aCos[c+dx])2 (az—b2)3d (b+aCos[c+dx])

(b (3a%+b?) -a (a?+3b?) Cos[c+dx])Csc[c+dx]? (a-2b)Log[l-Cos[c+dx]]

. _
2 (a2-b2)°d 4 (a+b)*d
(a+2b) Log[1l+Cos[c+dx]] b (3a*+8a’b?+b*) Log[b+aCos[c+dx]]

+

4(a—b)4d (az—b2)4d

Result (type 3, 696 leaves):
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b* (b+aCos[c+dx]) Tan[c+dx]>

2 (-a+b)? (a+b)?d (aSin[c+dx] +bTan[c+dx])>

b? (3 a%+b?) (b+aCos[c+dx])2Tan[c+dx13

(fa+b)3 (a+b)3d (asinfc+dx] +bTan[c+dx])3 )

2i (3a*b+8a2b%+b°) (c+dx) (b+aCos[c+dx1):"Tan[c+dx]3

(a-b)* (a+b)*d (asin[c+dx] +bTan[c+dx])?

i (-a-2b) ArcTan[Tan[c +dx]] <b+aCos[c+dx1)STan[c+dx13

2 (-a+b)*d (asSin[c+dx] +bTan[c+dx])?

i (a-2b) ArcTan[Tan[c+dx]] (b+aCos[c+dx])3Tan[c+dx]3

2 (a+b)*d (aSin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])3Csc[i (Cerx)]zTan[c+dx]3

+

8 (a+b)3d (asinf[c+dx] +bTan[c+dx])3

(-a-2b) (b+aCos[c+dx})3Log[Cos[§ <c+dx)]2} Tan[c+dx]3

.
4 (-a+b)*d (aSin[c+dx] +bTan[c+dx])>

((3a4b+8a2b3+b5) (b+acCos[c+dx])’Log[b+aCos[c+dx]] Tan[c+dx]3)/
((—a2+b2)4d (asinfc+dx] +bTan[c+dx])3) +

(a-2b) (b+aCos[c+dx])3Log[SinE (c+dx”2] Tan[c +dx]3

4 (a+b)*d (asin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])35ec[i (c+dx)]2Tan[c+dx]3

8 (—a+b)3d (asinfc+dx] +bTan[c+dx1)3

Problem 268: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sec[c +dx]
J dx
(asinf[c+dx] +bTan[c+dx])3

Optimal (type 3, 231 leaves, 6 steps):

a b2 2ab(a2+b2)

2

(a2-b?)*d (b+aCos[c+dx])* (a?2-b2)°d (b+aCos[c+dx])
(a(a?+3b%) -b (3a?+b?) Cos[c+dx])Csc[c+dx]? (2a-b)Log[l-Cos[c+dx]]

+ +

2 (a2-b2)°d 4 (a+b)*d
(2a+b) Log[l+Cos[c+dx]] a(a*+8a?b?+3b*) Log[b+aCos[c+dx]]

4 (a-b)*d (a2 -b%)"d

Result (type 3, 703 leaves):
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ab? (b+aCos[c+dx]) Tan[c+dx]>

+

2(-a+b)? (a+b)?d (aSin[c+dx] +bTan[c+dx])>

2ab(-ia+b) (ia+b) (b+aCos[c+dx])ZTan[c+dx13

+

(-a+b)? (a+b)>d (aSin[c+dx] +bTan[c+dx])>

2i (a®+8a°b2+3ab*) (c+dx) (b+aCos[c+dx1)."Tan[c+dx]3

(a-b)* (a+b)*d (asin[c+dx] +bTan[c+dx])?

i (2a-b) ArcTan[Tan[c+dx]] (b+aCos[c+dx])3Tan[c+dx]3

2 <a+b>4d (asinfc+dx] +bTan[c+dx}>3

i (2a+b) ArcTan[Tan[c+dx]] (b+aCos[c+dx])3Tan[c+dx]3

2 (-a+b)*d (asin[c+dx] +bTan[c+dx])?

(b+aCos[c+dx])3Csc[i (c+dx)]2Tan[c+dx]3

+

8 (a+b)3d (asinf[c+dx] +bTan[c+dx])3

(2a+b) (b+aCos[c+dx])3Log[Cos[§ (c+dx”2] Tan[c +dx]3

4 (-a+b)*d (asin[c+dx] +bTan[c+dx])>
((—a578a3b2—3ab4) (b+aCos[c+dx})3Log[b+aCos[c+dx]] Tan[c+dx}3)/
((—a2+b2)4d (asinfc+dx] +bTan[c+dx])3) +

(2a-b) (b+aCos[c+dx])3Log[SinE (c+dx”2] Tan[c +dx]3

+

4 (a+b)*d (asin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])35ec[i (c+dx)]2Tan[c+dx]3

8 (—a+b)3d (asinfc+dx] +bTan[c+dx1)3

Problem 272: Result more than twice size of optimal antiderivative.

2

JCos[c+dx}'“ (asin[c+dx] +bTan[c+dx])*dx

Optimal (type 5, 264 leaves, 8 steps):
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(a2 -2b?) Cos[c+dx]"sin[c+dx]

dm (2+m)
2abCos[c+dx]"Sin[c+dx] Cos[c+dx] M (b+aCos[c+dx])2Sin[c+dx1
d(2+3m+m2) d(2+m)
1 1 1+m
((a2 (1-m) -b® (2+m)) Cos[c+dx] *"Hypergeometric2F1[~, ~ (-1+m), ——, Cos[c+dx]?|
2 2 2

Sin[c+dx]

/(d (1-m)m(2+m)~/Sin[c+dx]?

. 1 m 2+m ) .
(ZabCos[c+dx]mHyper‘geometr‘lc2F1[—, ~, —, Cos[c+dx]?] Sln[c+dx})/
2 2 2

dm (1+m)+/Sin[c+dx]?

Result (type 5, 890 leaves):
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1+m

(—1+m), 5

_ 2 1+m : _ 1 2
bc Cos[c +dx] Hypergeometr1c2F1[ R , Cos[c+dx] ]

2

N |

Sin[c+dx] (asSin[c+dx] +bTan[c+dx})2]/

(4096d (—1+m) (b+aCos[c+dx])2 (Sin[c+dx]2)3/2)] ~

2em A 1 m 2+m ) i
abCos[c+dx]*™Hypergeometric2F1[- =, —, ——, Cos[c+dx]?| Sin[c+dX]
2 2 2

(aSin[c+dx}+bTan[c+dx])2)/(2048dm(b+aCos[c+dx1)2(Sin[c+dx]2)3/2)_
) 3 A 1 1+m 3+m A
(a Cos[c +dx]>™Hypergeometric2Fl |- —, B , Cos[c+dx]?]| Sin[c+dx]
2 2 2
(aSin[c+dx}+bTan[c+dx])2)/(2d(1+m> (b+aCos[c+dx1)2(Sin[c+dx]2)3/2)_

1
(4095 b% Cos[c +dx]*"Csc[c +dx] Hypergeometric2Fl| -,
2

1+m

(-1+m), ——, Cos[c+dx]?
2

N | R

(aSin[c+dx}+bTan[c+dx])2)/(4096d(—1+m) b+aCos[c+dx}>2 Sin[c+dx]?

m 2+m )
-, , Cosc+dx]?]
2 2

2048dm(b+aCos[c+dx})Zx/Sin[c+dx}2)7

(az Cos[c+dx]>™Csc[c+dx] Hypergeometric2F1|

3

(4095 abCos[c+dx]?™Csc[c+dx] Hypergeometric2F1 [

N |

(asin[c+dx] +bTan[c+dx])2)/

1 1+m 3+m )
=, s , Cos[c+dx]?|
2 2 2

(asinf[c+dx] +bTan[c+dx])2)/

2d (1+m) (b+aCos[c+dx])? Sin[c+dx}2)+

1 1+m 3+m )
=, B , Cos[c+dx]?]

(4095 b? Cos[c +dx]*™Csc[c +dx] Hypergeometric2F1|
2 2 2

+

(aSin[c+dx}+bTan[c+dx])2)/(4096d(1+m) (b+aCos[c+dx])2 Sin[c +dx]?

dem . 1 2+m 4+m )
4095 abCos[c+dx]*™Csc[c+dx] Hypergeometric2F1| =, B , Cos[c+dx]?]
2

2 2
2048d (2 +m) (b+aCos[c+dx])2 Sin[c +dx]?

+

(asinfc+dx] +bTan[c+dx])2)/

3+m 5+m

1
(az Cos[c+dx]®™Csc[c+dx] Hypergeometric2Fl| —, , —, Cos[c+dx]?]
2 2 2
(asinfc+dx] +bTan[c+dx])2)/ 2d (3+m) (b+aCos[c+dx1)2x/Sin[c+dx12)

Problem 276: Result unnecessarily involves imaginary or complex numbers.

: 2
J Cos [x] Sin[x] dx

aCos[x] +bSin[x]

Optimal (type 3, 92 leaves, 7 steps):

ab?x ax a’blog[aCos[x] +bSin[x]] aCos[x]Sin[x] bSin[x]?
_ + + _

(a2+b2)2 2 (a2 +b?) (a2+b2)2 2 (a2 +b?) ' 2 (a%+b?)
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Result (type 3, 153 leaves):
1

g (a2 b?)?

(—2a3x761'1a2bx+6ab2x+2j1b3x—21'1b (-3a®+b*) ArcTan[Tan[x]] +2b (a?+b?) Cos[2x] -
2 (a®+b?) (ax+bloglaCos[x] +bSin[x]]) -3a?blog[(aCos[x]+bSin[x])?] +
b® Log[ (aCos[x] +bSin[x])?] +2a°Sin[2x] +2abzsin[2x])

Problem 278: Result unnecessarily involves imaginary or complex numbers.

J Cos[x]2Sin[x]

aCos[x] +bSin[x]

dx

Optimal (type 3, 93 leaves, 7 steps):

a’bx b x ab?Log[aCos[x] +bSin[x]] bCos[x]Sin[x] aSin[x]?

— + —

(a2+b2>2 2 <a2+b2) (a2+b2)2 ' 2 <a2+b2) : 2 (a2+b2>

Result (type 3, 82leaves):

;(4jab2ArcTan[Tan[x]] -a (a®+b?) Cos[2x] -
4 (a2+b2)2

2b ((a+ib)2x+abLog[(aCos[x] +bSin[x])2]) +b (a%+b?) Sin[2x])

Problem 280: Result unnecessarily involves imaginary or complex numbers.

J Cos[x]%Sin[x]3
aCos[x] +bSin[x]

dx

Optimal (type 3, 176 leaves, 13 steps):

a2 b3 x a’bx b x a®b? Log[aCos[x] +bSin[x]]
- + - +

(a2+b2)3 2 (a2+b2)2 8 <32+b2) (az+b2>3

a?bCos[x] Sin[x] bCos[x]Sin[x] bCos[x]3Sin[x] ab?Sin[x]? aSin[x]*
+ _

2 (a?+b?%)° 8 (a%+ b?) 4 (a%+ b?) 2 (a2 +b?)? "4 (a2 02)
Result (type 3, 178 leaves):
o
32 (a2 +b?)°
(—12a4bx—321'1a3b2x+24a2b3x+4b5x+32J'La3b2Ar'cTan[Tan[x]] -4a (a*-b*) Cos[2x] +

a®Cos[4x] +2a*b?Cos[4x] +ab*Cos[4x] -16a>b? Log[ (aCos[x] +bSin[x])?] +
8a*bsin[2x] +8a%b3sin[2x] -a*bSin[4x] -2a2b3>Sin[4x] —bSSin[4x])
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Problem 282: Result unnecessarily involves imaginary or complex numbers.

3¢gs 2
J Cos[x]°Sin[x] dx

aCos[x] +bSin[x]

Optimal (type 3, 175leaves, 13 steps):

a3 b?x ab?x ax bCos[x]* a?b3Logl[aCos[x] +bSin[x]]
(a2+b2)372(a2+b2>2+8(a2+b2) 74(a2+b2) ’ (a2 + b2)> -
ab?Cos[x] Sin[x] acCos[x] Sin[x] aCos[x]3Sin[x] a%’bsSin[x]?

2 (a2+b2)? ' 8 (a%+b?) . 4 (a%+b?) . 2 (a2+b?)°

Result (type 3, 287 leaves):
1
- (—4a5x+4ia4bx—24a3b2x—24ia2b3x+12ab4x+
32 (a2+b2>3

4ib°x-4ib (a*-6a>b”>+b*) ArcTan[Tan[x]] +4b (-a*+b*) Cos[2x] +
a*bCos[4x] +2a2b3Cos[4x] +b>Cos[4x] -4a*blog[aCos[x] +bSin[x]] -
8a’b3Log[aCos[x] +bSin[x]] -4b°Log[aCos[x] +bSin[x]] +
2a*bLog|(aCos[x] +bsin[x])?] -12a?b®Log| (aCos[x] +bSin[x])?] +
2b° Log[ (aCos[x] +bSin[x])?] +8a*b?Sin[2x] +
8ab*sin[2x] +a°Sin[4x] +2a%b?Sin[4x] +ab4Sin[4x})

Problem 284: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cos[x] Sin[x]
(aCos[x] +bsSin[x] )2

dx

Optimal (type 3, 70leaves, 6 steps):
2abx (a? - b?) Log[aCos[x] +bSin[x]] b Sin[x]

(a2 +b2)? (a?+b2)? (a? +b2) (aCos[x] +bsSin[x])

Result (type 3, 144 leaves):

(aCos[x] (—21’1 (a+1ib)*x+ (-a?+b?) Log[ (aCos[x] +bSin[x])2]) +
b (2 (a+ib) (a(-1-ix)+b(i+x))+ (-a®+b?) Log[(aCos[x] +bSin[x}>2” Sin[x] +
2i (a®-b*) ArcTan[Tan[x]] (aCos[x] +bSin[x}))/(2 (a2+b2)2 (aCos[x] +bSin[x]))

Problem 286: Result unnecessarily involves imaginary or complex numbers.

; 3
J Cos [x] Sin[x] dx
(

aCos[x] +bSin[x])?

Optimal (type 3, 129leaves, 17 steps):



Mathematica 11.3 Integration Test Results for 4.7.2 trig™"m (a trig+b trig)~n.nb | 61

b(3a*-ab?) x a?(a?-3b?) Log[aCos[x] +bSin[x]]

(az+b2)3 (a2+b2)3
abCos[x] Sin[x] (a?-b?) Sin[x]? a?bsSin[x]
(a2+b2)2 2 (a2+b2)2 (a2+b2)2 (aCos[x] +bsin[x])

Result (type 3, 226 leaves):
1

4 (a? +b2)? (aCos[x] +bsin[x])
(41‘1a2 (a®-3b?) ArcTan[Tan([x]] (aCos[x] +bSin[x]) +aCos[X] ((a“—b“) Cos[2X] +
2a(2(ia-b)*x-a (a®-3b?) Log[(aCos[x] +bSin[x])?] -b (a®+b?) Sin[Zx}))—
bSin[x] ((—a4+b4) Cos[2x]+2a(2 (a® (1+ix) +ab® (1-3ix)-3a’bx+b’x] +
a (a®-3b?) Log[(aCos[x]+bSin[x])2]+b(a2+b2)sin[2x])))

Problem 290: Result unnecessarily involves imaginary or complex numbers.

dx
2

J Cos[x]3Sin[x]
(aCos[x] +bSin[x])

Optimal (type 3, 128 leaves, 17 steps):
ab (a?-3b?%) x b?(3a2-b?) Log[aCos[x] +bSin[x]]

+

(a2+b2)3 (a2+b2)3
abCos[x] Sin[x] (a*-b?) Sin[x]? ab? Cos[x]
+ +
(a2+b2)2 2 (a2+b2)2 (a2+b2)2 (aCos[x] +bsSin[x])

Result (type 3, 221 leaves):
1

4 (a2+b2)3 (aCos[x] +bsin[x])
(—41‘1b2 (-3a?+b?) ArcTan[Tan([x]] (aCos[x] +bSin[x]) - aCos [x] ((a“-b“) Cos[2x] +
2b(2 (a+jb)3x—b(—3a2+b2) Log[(aCos[x]+bSin[x])2]—a<a2+b2)sin[2x]))+
b Sin[x] ((—a4+b4) Cos[Zx]+2b(—2<a+ib) (a?x-b% (i+x)+a(b+2ibx))+
(-3a%b+b?) Log[(aCos[x}+bSin[x])2}+a(a2+b2) Sin[2x1)))

Problem 292: Result unnecessarily involves imaginary or complex numbers.

3¢ 3
J( Cos[x]?Sin[x] dx

aCos[x] +bSin[x])?

Optimal (type 3, 210leaves, 48 steps):
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3ab(a*-6a2b?+b*) x b2Cos[x]*

4 (a2+b2)4 4 (a2+b2)2
3a2b? (a’-b?) Log[aCos[x] +bSin[x]] ab (5a?-3b?) Cos[x] Sin[x]
(a7 b2)* ) 4 (a2 17)? 7
abCos[x]3Sin[x] 2a?b?2Sin[x]%? a%Sin[x]* a2 b3Sin[x]
2(a2+02)2  (a2+0?)®  4(a2+b2)? (a2+b?)? (aCos[x] + bSin[x]]

Result (type 3, 409 leaves):
. (12ab (a?-3b%) (3a®-b?) x+6i (a®-15a*b*+15a°b* - b®) x -

32 (a%+b2)*

6i (a®-15a*b”>+15a°b* - b®) ArcTan[Tan[x]] -4 (a®+b?) (a*-6a”b”+b*) Cos[2x] +
(a% - b?) (a2+b2>2Cos[4x] +3 (a®-15a% b+ 15a% b* - b®) Log| (a Cos [x] +bSin[x])2} +
2b (a%+b?) (3a%*-10a?b?+3b*) Sin[x]

n
aCos[x] +bSin[x]

(3 (a2+b2)2 (aCos[x} (—21’1 (a+ib)?x+ (-a®+b?) Log| (aCos [x] +bSin[x1>2” +
b(2 (a+ib) (a(-1-ix)+b(i+x))+ (-a>+b?) Log|(aCos[x] +bSin[x])2])Sin[x] +
2i (a®-b*) ArcTan[Tan[x]] (aCos[X] +bSin[x])>)/

(aCos[x] +bSin[x]) +16ab (a*-b*) Sin[2x] -2ab (a2+b2)25in[4x}
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Summary of Integration Test Results

294 integration problems

A - 212 optimal antiderivatives

B - 52 more than twice size of optimal antiderivatives
C - 30 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



